
 

Ordinary Differential Equations
2ndorder ODES

Generally y G pbc yCod tqGdylx fGc
i e Ly f
if fact o the OOE is homogeneous

Functions y cod and yzGd are linearly independent if
AyGe t 8yaCx A 0 0

If we can construct two linearly independent solutions to
the homogeneous equation Ly 0 the general
solution of the OOE is

yCx Ay64 By264 typ AB const
2nd order 00Es require two boundary conditions The general
form of a linear 8C is if 93 0 BC is

X y a my a Xz homogeneous

We can have each complementary function satisfy
one 8C Oy linearity the superposition willsatisfy both
The Wronski an of two solutions of a 2ndorder 0 OE
is a function given by the determinant of the Wronskian
matrix W y ya I y Y
y64 yaGd are linearly independent iff Wto

the Wronskian is an intrinsic property of the ODE and
can be calculated before we know y.becyzGc
W y Yz yay we know 92 satisfies the

yf pyi qyd yzf pyiqhyjnooene.us
ooe

i PW w expf Spa dD
Hence if we know only one complementary function
we can find another by first calculating W

y ya yay w yzbcky.cat Wc

y
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Impulses and Green's functions

An impulse is defined by dp SoftFCHdt For
an instantaneous impulse we need finite dp as star
which requires f o

The Heaviside unitstep function is Hbd Q 958
The deltafunction can bedefined as g dacha
defining property is 1 fad 864doc Ho

hence 864 can be defined as the limit of certain
functions e.g gaussians as std 0

Derivatives of the delta function can be found via
integration by parts

f fcsdfkxatdsc ffbdfbcaDI f.is f 648
x a doc

gchff C 1 Kfc o

Greensfunctions
If the OOE's forcing function is discontinuous we solve on
eitherside of the boundary then match
eg y t y 864 y AcossetBsinx x co

cosset Osinx x o

we can integrate bothsides of the OOE assuming

y is continuous and bounded

f y doc tfeydx f.ae864doc
Let e 20 SEEydx o hence the matching
condition is a jump on the derivative

Max a It CFD o

Any forcing function can be treated as an infinite number
of spikes deltafunctions So if we know how a

system responds to a 8 impulse at point G we can

convolve this response with the full forcing function to
solve the OOE
Green'sfunction for a specific ONE characterises
the response to floc 5

Glx G such that L G f x G
y G fax G HEIDE

Gbc 5 defined for 230 530
6 mustsatisfy the same Bcs
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Series solutions to ODES
Consider a homogeneous linearsecond order OOE

y bet play164 toddyLsd 0
x xo is an ordinary point is plod and qCxl
are both analytic at x xo

otherwise x xo is a singularpoint
A singular point is regular if F pbc and
x soo2qGd are both analytic at x xo else the
singularpoint is irregular

Seriessolutionsaboutanordinarypoint
If x xo is ordinary the OOE has two linearly independent
power series solutions y Enzo an Coc IoT
within the radius of convergence
We then have convenient to

y an Csc Ko have some power
n o as before

in c in iiiinitiation
since both pH and qGd are analytic we can write

plock PnCsc Io 964 o9nLxxD

powerseries can be multiplied via

o
AdxxoYME.oomcxx.im

n
f o
An Br x Io

hence we can write down a recurrence relation for

ants though in practice it may be easier to
substitute the powerseries into a nonstandard form
and compare coefficients
Legendre's equation is

I xDy Zoey t H g O

2 0 is ordinary so substitute y and

a If Nn Marx t Nn H Intl LHBanxko
o t2 ntl antz t f n ntl LCLH an O

Antz
n C ntl ti
htt n 2

An

the even solution corresponds to AEI 9 0 while
the odd solution is obtained by a o ai l
these solutions are Legendre polynomials Pdx
the radius of convergence t
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Seriessolutionsaboutarequkirmunsingedarpoint
If x co is a regular singular point Fach's theorem
guarantees a solution of the form

y an x Xo
to

O E IC auto

this is a Taylorseries Iff o is a nonnegative integer

there may be either one or two solutions
By definition of regularity we can write

x xo p x EmoPncx Xo
n

x Wgbh oQnCxxd
Near xoxo we can thus approximate p and q as

p Blocooo q scop

y t
o

t IIIp O

this ODE can be solved by y Gc065 where o

satisfies the indicia equation
of o l t Poo Qo O

The indicia equation has two complex roots
if the roots are equal the solutions are Coo scoldand
Ge xD InGc x

As with ordinary points we may not need to formally
calculate Po and Qo we can use Frobenius method
and directly substitute

e.g Bessel's equation has a regularsingularpoint at a 0
ody't ta y tCod v2 y 0A

Let y anento

o
Cnta Into A Cn to y2 anoon

to anentor
Then compare coefficients of santo

n 0 Lor vTao o indicial equationsince aoto
n 1 Cfl top f a 0 a O
n 22 Intop v2 an tan 2 0 Cgives recurrence

If 0 and or differ by an integer the recurrence

may fail for the smaller of the two

y Enzo an Lx Id T Record Record

ye bn x Xo to
Cy Inca Xo

it is common in science for only one solution to be
analytic and the othersingular
itmay be easier to use the Wronskian to construct ya
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Sturm Liouville Theory

Differential operators are analogous to linear operators
The inner product of two piecewise continuous functions
with respect to some weight function was so

ul DE futxcsdvcsdwbddsc.ttdifferential operator is self adjoint if
ul Iv I n l v analogous to HmermaffIEnes

depends on the weight function
generally the adjoint is foundwith integration byparts
ul Iv far u 64Libeldoc 2 loop transfers derivative

LB It ubcD vGddx t boundary terms

A 2ndorder lineardifferential operator L is SturmLiouvilletype if

I da payday qed Lis read

p and q are real functions defined for a ex EP
with pbc so for a Cxc P

For suitable 8 Cs the Sturm Liouville operator is selfadjoint
can beshown by expanding LUI Lu then using IBP

plod u dad u df.DE o

functions u u on which 1 operates must satisfy homogeneous
8 G at x X x p

If I is not of Sturm Liouville type there exists a

weight function such that way I L
let I pcod da c Rbd QED

I up data w R da w Q
consider dayCwpdad IdwP twpdata
hence L is Sturm Liouville type it

Pdff t Ifc R w O solve for wad

i e is self adjoint w r t wGe or equivalently
1 w I is self adjoint want the identity weighttune

Eigenfunctions
An eigenfunction yGd of an operator I satisfies I y Xy
where X is the complex eigenvalue
Generally the eigenvalue equation only has solutions for
a discrete but infinite set of eigenvalues 2n n EE
e g L data is SturmLiouville type with pal I glad 0
Eigenvalue equation y t Xy o

qi
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Kyl y L y lay Ly ILy Lyly Layly

he.in1 FmenIihIotEIIII Ent Ioriesponain to
proof same as analogous daim for Hermitian matrices
suppose ya ya are eigenfunctions with distinct eigenvalues AA
Xz Ly ly c T Ly lyz Ly ly4 0

even for repeated eigenvalues an orthonormalset of
eigenfunctions can always be constricted

Legendre's equation can be written as a Sturm Liouville

eigenvalue equation Le dadax4da 7 1 Ltl

theonly finite nonzero solutions at F I I are the
terminating Legendre polynomials Rbd
Plod is orthogonal but notorthonormal with RUHI

The eigenfunctions of a self adjoint operator are
complete they can beused as basis functions in an

infinite series to repr any food thatsatisfies the 8 Cs
fCoc anydoc

the coefficients are found byexploiting orthogonality
an Lyn I f w

i fact SABAS wa ynCodyn G dg
completeness relation

wG ynGdyn g ga g
completeness relation
can swap off

Sdving00EswitheigenCunctionexpansionsmm
Consider Ly Hoc with L in SturmLiouville form
The completeness relation can be used to construct a
Green's function for nonzero Tn
G x 5 E InynCodyn G
1 6Cx5 9M InLynGd

Eyams wG4ynGc SG 5
note that Glx 5 G CS od

If there is a solution to Ly 0 satisfying the 8Cs
then any nonzero force results in infinite response
this is resonance equivalent to having an 0
if one eigenvalue is muchsmaller than the others the
result will be near resonant

yCscl farEfanynbelyn G Adds 4 Cy If

Rather than using the Green's function we may be able

to construct the solution directly
y E bn yn f E any ni

Ly f Elon Ynyn Eanyn
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Approximation with eigenfunction expansionsmurmur
We may wish to approximate a solution as a finite linear
combination of eigenfunctions fCx x anynGe
Coefficientsshould minimise the total error

SCa az an 11 Hse Elanyn6411
by expanding the norm and taking partials aa

it can beshown that S is minimised for an Ya tf w

i e same as infinite case

Sn I i tank

f 30 from which we have Bessel's inequality
I I f Ilw X E lani

in the limit this becomes equality generalising Parseral's than

HEHE IanT
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