
 

Partial Differential Equations
A POE is any equation of the form

FCU UscUy UsacUscg Ugg I 0
linear if f depends linearly on a terms in which
case we write Lu f

obeys similar principles to linear 00Es ie the general
solution can be constructed from particular complementary

The diffusion equation
for a conservedquantity with concentration Q and
flux density E conservation implies 2 t O E o

buttheflux depends on the concgradient E 20Q Fick's
2 Q reduces to Laplace's equation

in thesteadystate
this applies to heatconduction with Q CT

The wave equation n
y

m y Fy pds 2 2Fzdx d

Fy et Efx and Ss a Soc T
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EffiItza TE
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Types of bgunudary condition
Dirichlet specified
Neumann Max specified
Mixed c some LC of u and Ed specified

Separation of variables seeks solutions of the form
ucsc H NsaTCH

substitute in and rearrange so LHS only contains It
RHSonly contains X.sc
each side must then equal a constant so we have 200Es
for each value of this constant there may be a different
solution In general we must sum all

Robert Andrew Martin



Laplace's and Poisson's Equations

Poisson's equation is a 2nd order POE 024 pCod
For thespecial case of f 0 it reduces to Laplace's equation
physical examples
steady state diffusion
electrostatics 020 Yeo
gravitation 020 4116 p
ideal inrotational fluid flow

the general solution to Laplace's equation can be
written as a LC of a set of basis solutions

Polar coordinates
2

Laplace'sequation I RFT t rt 3 o

For separable solutions rzdarfrri I A

H Y is a physical quantity it must be 2T periodic
in 0 Else if it is a potential Y must be periodic

so F n and we have cases n 0 n 1 0

OI At 80 no

Acosh0 8Sinn0 HO R can be

R r
Chr t 0 n o solved using

Crn Or n n to F et sub

The general solution is then

4410 Hotfoot C Inr fo t fAnrntCnr
h
cosng

normally disappears
due toperiodicity t nr t Onr n sinng

Sphericalcoordinateslaxisymmetric
Axisymmetry implies independence of 0 lie surface
of revolution around z axis

Laplace's equation fazdroff trying sin03
separate tdartrR fsingdfolsinot X

with thesubstitution a cos0 adz sin0dam

dank u4dFu 70 0

ice the angular partsatisfies Legendre's equation
7 Ltd L o 1,2 and Q Picos0

the general solution is then

Vcr A Air't fit RCcoso

Fitting 8 Cs may require integrating over the Legendre
polynomials exploiting orthogonality fiPmGdPn6ddx

z
Smn
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Uniqueness
Suppose there are two solutions 0 Oh Consider the

difference of these solutions 4 0 02
D YOU Y TY U zero because Poisson's

10412 equation is linear

applying the divergence theorem
11041dV OH DE

given Dirichlet boundary conditions i e 0 117 on S
4 0 when evaluated on S f 10412DV O

4 0 on S and 04 0 inside 4 0
hence 0 Oh so any solution is unique

For Neumann boundary conditions E D 10 0 on S
the proof is similar

Thefundamentalsolution
Consider Poisson's equation with Dirichletconditions on
a surface 5 which bounds a volume V
The Green's function for this problem is given by

GCE I f E El E EV
GCE I O E EV

8 y ri Six xDfly y1 Izzy

Ju fCriSME ri dV f Iff

he Green's function is symmetric i e GCE f GCri A
if V is all space G is called the fundamentalsolution

TheGreen's function is the potentialdue to a pointcharge
at 1 hence the symmetry is obvious
For Neumann BCs 6 needs a different form on 5

TA A Is before we had
6 0 on S

this arises because SsEnds_IsOG Eds f0GdV
but Su026dV Ivf Eri DV I

Consider a pointcharge at the origin of 30space
The fundamental solution is given by 026 8 E

with G 0 as If I
By symmetry G is radial razor

for Ho

Gcr At fr
A 0 to satisfy 8 cat co
C can be found by integrating 026 over a small sphere

fruitGdV IfrdS feeds 41TC

L
Hence if we shifttheorigin to I i GCa ri I

4th I't
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For a line of charge the problem is equivalent to
finding a 20 Green's function 026 8 I

Gcr At Chr
we can no longer force G 20 as r soo

to find C we use the 20 divergence theorem for
a small circle of radius E
JrLettG DA Zit C 421T

hence 6 is only defined to within an additiveconstant
G Iit Ln I E E't t const

themethodofimage.sn
Themethod of images can be used to find 6 in some
other simple geometries the fundamental solution only
applies in all space
30 half space i e z O

domain

need G to satisfy 026 8 Ye ri IE Ot
G 70 as I rt as

6 0 at zeo new O C
Dirichlet

we can construct a solution in R that fits this
by placing an image charge at 1 Cdc y Z'I
with opposite sign 026 8 KE ri tf E E

Glair
4 Ey

t 4tIr

by uniqueness this is the solution
if we instead had Neumann bounds i e 3fzlz o o

we could use an image charge with the same sign
radius a

The image for a charge in a sphere has strength Er
and is located at r Ma It can beshown that
this gives 6 0 when r a as needed

For a circle the image hasstrength 1 and is located
again at the inverse point Ma

The integralsolution of Poisson's equationshmmmm

For smooth functions 0,4 in volume V enclosed by S
Green's identity states

flat024 4020 dV 03 42 ds

follows directly from the divergence theorem
can be used in 20 for surface S enclosed by carve c

this can be used to find theintegral solution once

we know the Green's function letting 4 6 and

solving 0210 p E
For Dirichlet Bes 0 f on S

Green's identity gives
SNe ri G du FOG Eds
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OLE f kE GCI E dVt feel Ends

if V is all space and f SO as Irias then provided

G and Q decrease fast enough x 4 i

0Cri Sp RE GCE a DV
for Neumann 8 Cs Fn ta In E on 5 arbitrary

ri SuperiorHow GCAGCE rids E
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