
 

Fluid Equations
A fluidelement must be
small enough so that macroscopic properties const

large enough to have a large number of particles
Collisional fluids have a small mean free path 7

particles maximise entropy
welldefined pressure p pCp T equation of state

Collisionless fluids have non local effects and depend on I Cs

Two frameworks for describing fluids
Eulerian consider fluid properties as time varying fields
e g pCE H PCE H TLE H y CE t
Lagrangian perspective of a particularfluidelement as time
progresses co moving frame

Consider how quantity Qtr it changes in the Lagrangian picture
off Lifo QCEtsr

ittsgtf QE.tt

DQ 8Q Lagrangian es Eulerian
2ft a OQOt in

onvectivederivative gradientprojected onto flow

3 ways to describe particle trajectories
streamlines show the velocity field at a given time i e

shows instantaneous tangents

pathlines show the paths taken by individual fluidelements
streaklines connect all points that passed through a particular
reference point e g after releasing a drop of dye
all 3 coincide if 2 o steady flow

conservedquantities.co
reservation of mass

IIdiff rate of outflow
FSupDV f p e DEot j div theorem
HIT to pH dV o

If 0 pe o continuity equation Eulerian

easy to derive Lagrangian form Rft Ft t E OP
Dp
ft tp Kk O

For an incompressible flow Ift o O y O i e the
fluid is divergence free
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the forces in a fluid are described withthe stress tensor Oi
dfi aids
for an isotropic fluid oij psi DE pdf

Derive consmomentum by considering a fluid fan
Carbitrag

element subject to gravityand internal pressure
ht

consider all quantities projectedonto E V

pressure force f pE DE f E OpdV g
NI ffffupadv I fuE opdu t f Pf Adv
fluid element so Sdv SU

PFt Op pg
momentum equations

PFftpcu.hu pp pg
easiertoderivewith box qq.pk

Consider the Eulerian rate of chg of momentum density
Jtf Phi p 2 Ui t Ui 2 P J sub cont mom equations

puja u 2 Pi's psi ui2jCpu
2g PhiUj t pfi t i

Oi's
rewrite as 2 put P PE a t p E pot

Flux of momentumdensity
Phill's is a Irani pressure due to momentum flux of the
bulkflow

Gravitation
gCrt GsuMK FIITp dvl
Gives Poisson's equation O g PII 4TGp

f g df 4h6Mene
Potential of a spherically symmetric system
g r GMeffe DIEour
I foro Edfor4thMr dr dr

LILY Gino fo 4 6pardr
The GPE of a system is 1 1SPCAICE dV
Consider the moment of inertia of a composite system 7475959

I f miri DIE Ei t mi ie
assume isolatedsystem andforces are

ri Fi is the GPE either local or gravitational
Miri is twice the KE

for a system in the steady state
d o

combinetogive the Virial theorem 2T tr O

The Virial thm relates mass velocity size
T Iman A Gmt as GY moggy

h d

Ftot Tt r T I m cu so as temp T higher
WD energy decreases negativeheatcapaatym
this is why structures form fromsmooth ICs
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Equations of State

We have 3 scalar t 1 vector unknowns P K P Y but only
3 ears continuity momentum Poison

The equation ofstate provides the additional constraint
For a barotropicfluid pressure is only a function of density p p p
e.g electron degeneracy pressure p xp
e g isothermal ideal gas p xp This occurs when strong heating
andstrong cooling balance at a well defined temp

e.g adiabatic ideal gas p KP
Fluidelements may each be adiabatic p kP with K const but
K may vary between elements isentropic if all have same K
because Ink x Sm

theEnagynEfudion e a
from the 1st law of thermo Iot ft t Off
dW pdV Eff ptfe Ip Ppoff for unitmass Ktp
toff cool Eft Kpzoff Qcool

we t.pe Internal
Thetotalenergy of a fluid is E p u t It E

Eff Ee t p e Da t off Fife cool

write everything in Eulerian use known equations

FEI t 0 Etp e p3 s cool Efamation

LHS describes change in total energy due to the divergence
of the enthalpy flux Etp
RHS containssources ofenergy If no external sources
EE div enthalpy flux

Heatingandcoolingm Astrophysical examples

Most cooling processes involve radiation
I Collisionally excited atomic line radiation

electron ion collision
rmw

collision excites atom which lateremits a photon with energy X
luminosity per unit volume

Lc unennion e XKtxa
nuns collisions energypercollisiondivide by p to get Q whichisper unitmass

2 Leucine
free electron captured in highenergy state
cascades down releasing photons in the process
as above I xp FCT

3 Ereeffreenmission bremsstrahlung electrons accelerated by nuclei

so radiate Q Nop ft

Heating can occur internally e g shocks or viscous flows
Cosmic rays are an externalsource of heat with Q ray flux

Combine heating and cooling to get cool Ap H H CRcooling

Robert Andrew Martin 2021



Energytransportun diffusionprocess
Thermalconduction transfer of thermalenergy down temp gradients
energy flux Econd KOT
so the rate of change ofenergydensity is DEcond KO'T
important in white dwarfs supernovashocks

Radiation transport

in optically thicksystems radiation transportsenergy ratherthan cooling
radiative diffusion Fred X PErad

Convection circulating fluidmotions important in stars

Stellar fluids
Instatic equilibrium a 0 It 0

momentum equation Op pot HSE
ie pressure forcesmustbalance gravity

for a self gravitating system HSE mustbesolved together with
Poisson'sequation

Example isothermal atmosphere with constant external of
g GI p MINp Ap
Afp pgE Atf g

Inp EA const p p e ft Z
good model for Earthatmosphere

Example isothermal selfgravitating slab
App pre Adat rotate I Ahl Ito
p p e CI Idiot

to proceed use Poisson III 4 itGpoe EtEdm

can model galaxy

Model a star as a spherically symmetric selfgravitating system in HSE

HSE in spherical polars dfw pDEE

p O so p is a monotonically decreasing function of VI
Fw datedaff p dfw p date c also monotonic
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p p VI Epcot p p p stars are barotropic

A useful family of barotropes is p Kp't
n
where n n p

polytropes have n const
if the star is isentropic Ceg fully convective I th 8 Ep so

thepolytrope equation is the adiabatic eq of state
Solve HSE Poisson to get structure of polytope

out 0 KP't m CntDOCKp
p ItnIF

n

where It Y when p o tidalpotential

the central density pc fYtFf p pf I Y
let I I

t
and use a dimensionless radialcoordinate 9

gives the Lane Emdenequation tf Idg Shaq on

at 5 0 centre 0 1 and dfg o

LaneEmden can be solved for n n I n 5

the limit n as gives the isothermalsphere 421dg guff e I

par
2
as r soo so mass does not converge

in practice we truncate at a finite radius Oconnor Ebertspheres

scalingrdationsm sc.fi Stellar Homology
Consider families of stars with the same polytope index The
shape of the density curve in eachstar will be the same
Using the rescaled coordinates

p FIFTH Ut Ic Kantha
i S rf4f y rftG p Ron

K ntl

at the surface max 0 max 0

The mass of a polytrope is

M form 4hr4dr 4 1 my kgosmq.gggfEm9ieuenforn

M patch h
radius relation comes from def of 5 rmax x Pc 24

eliminate pc to get the mass radius relation Mx R n

For white dwarfs 8 513 n 312 so R x M 3 More
massive Wrs are smaller
However Ram 3 is wrong for moststars because it assumes
K is constant p kplHin

p Ifpt
Tc MattKlin

Tc issimilar in all stars nuclear reactions Kd Pc m

M ape R e pi Mx R as observed

we can use K const on an individual star when mass is
changing on a fast timescale before thermaleq is established
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Sound Waves

Equilibrium fluid small perturbation Lagrangian

P Po uniform p fo t Op
p Po constant p Ipo top
4 0 y Ok

Eulerian perturbation SQ DQ E O Q element of displacement

same as Lagrangian for uniform medium

Apply perturbation to continuity1momentum eq Cto 1storder
continuity Etop t p 0 Oa O

momentum Zhou to 0Cop
doff 0k d barotropic Ee of state

combine linearisedegs 240A
at FfIpo 040p wave eg

Guess plane wave solution op Ope EI wt

at doffb K dispersionless waves

speed of sound Cs fo
Can relate density velocity perturbations
sub Du Op into continuity eq iw Op tpoi Kou O

on off gotPo
velocity and density perturbs in phase
DU CCCs i e sound wave much faster than fluid

Sound waves in a stratified atmospherenunnery

Eg propagation through an isothermal atmosphere in HSE

no 0 PoCz Fe Z H p.cz pre Zin 4 RI
I gm

soundwaves in the z direction are different

with g gE momentum eq becomes Itf tu Zz IFF g

substitute Eulerian perturbations thenconvert to Lagrangian
20pcontinuity It t Po2 7 0 same as before

momentum 20ft II'Ez cue 354
combinetogive 22 cuz 3 t gift I o

W
wave eq EH

dispersion
Guessing plane wave solution W Cul K2 Ef relation

2h ITk I
a 442

Easel w cul 2h
Op x e

Zha
e
i Reck wt ve

opto ee 2
so perturbation theory fails eventually

Case2_ W C Cullen

Op x e
kZeiat evanescent wave
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Shocks
rn

In an isotropic medium sound warefronts are circular
for a moving source the centres of subsequent
wavefronts are displaced

if u Cs a Mach cone forms
the cone separates disturbed undisturbed u

with a Shockwave mach cone

the Mach number is M E it determines c

theshape of the cone sin Ym k
v s

For supersonic flows the fluid may travel fasterthan signals can be
transmitted leads to discontinuities when the bulk realises it
has collided with something shocks

shock
pre postWork in the reference frame of theshock
p p

thy
pa aIntegrate fluidequations over asmall volume die

to getthe Rankine Hugoniot relations
u oh

Continuity Itf pdx Allot palo doc
insteadystate massdoes notaccumulate at 2 0 It E J o

p u pan c 1st R H relation
Momentum p uit p Kui t p 2nd R H

Energy equation for an adiabatic shock
2 t 0 Et p a o E pi u Eat B ok

F p tzu'tE the In't E tap Init Gtf 3rd R H

can rewrite R H III in terms of soundspeed

E I F 42 71 tuft cg IUE t III
Jumps in p p T can all be written in terms of T and M
for strong shocks MDI PE III const

i e there is a maximumdensityjump for adiabatic shocks
2nd law of thermo dictates thedirection of the jump
flow decelerates from super sub sonic KE dissipated

shocks are irreversible due to viscousprocesses

Supernovaexplosionsm
Model supernova as point explosion of energy E within an km
of density po and Po 0 To O rn A A

H
Creates an expanding layer of shocked ISM 0

strongshock Pi Po Eff Frame

shell consists of sweptup mass
of boundary G

Md
o

Po Po
4gITR Po 4th op D I Iff R 20.08 R

relative velocity in shell U no oh no Uo IT
The momentum of the shell is changing as it consumes ISM

rate of chg of momentum dat FTRko 3
caused by pressure inside the cavity Assume pin xp
R H I gives p It Pollo Rampressure into ISM
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It ETRpo 3 4 R'pin 4 Ra FtPollo
dat Ruo 3LR2no dat Die 3a raid

Uo R

seek powerlawsolution Ratt 6 Iza
R x t t K no p a RK 3

Determine x by cons energy
ignore KE of cavity littlemass and internal energy ofshell thin
KE of shell I FITR3poU
internalenergy ofcavity EHRPE Stark II
sum to get E a R no t can33443N

E mustbe time dependent 6 3 0 a Kz
Resulting dynamics R a f J

n x E J p at 45

Similarity solutions to supernova explosionswww.rrmmrrmrwm

previous derivation assumed uniformshell pinxp cold ISM
Similaritysolutions use dimensional analysis
We only specify E and Po

unique combination to get a length scale X EI
5

define dimensionless distance param 9 I
the evolution of any variable in space and time can be
separated into time behaviour scale XCt r x Ct ICS

Can rewrite derivatives

2 Xian's IIIT 3 Ild da't HII Eek

use pcrH XpH F S etc and sub into fluidequations
fluid equations become 00Es

Result is Rshook x Ep t t

most of the mass is indeedswept
into ashell
shellpressure is indeed a multiple pin

of pin
can take weighted avg of different
shell velocities using the form of ICS Shockwave

The SW explosion stalls when pi poi
Pi Pollo G tpo ZIPodo n s2

no Cs
shell no longer supersonic becomes a sound wave
equivalently when the energy of the explosion internal

energy swept up by theshockwave
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Bernoulli's Equation
Momentum equation If t e D a top PI
definethe vorticity we Oxy Cut D a 06EUR a xue
for a barotropic fluid p p p

Idf IfcFpfIf I Ife top 0 Sdf
2 to Eur axe Offdf the

for a steady flow we then have

a Of Tzu'tftp.t It o

Bernoulli's principle h Iz u t Idf 1 It is constant
along a streamline barotropic steady flow
For a general barotropic unsteady flow withoutviscosity

2 rat axe 37 oxcexue Enghien

the flux of vorticity through a surface 5 thatmoves with
the fluid is constant ft Js ie DE 0

Kelvin's vorticity theorem
close analogy to magnetic field lines
If we Q the fluid is irrotational

if irrotational H is constant everywhere notjust on streamline
if we e it remains so a DOI
if flow is also incompressible O y o 0202 0

DelavalNooter ACH
steady state barotropic flow through a nozzle
Momentum u Da tpPp Ics Dp

2
Continuity putt const M d take logs then 0top Anu 01nA

y Oy Can u 01nA Ci
For irrotational flow y Oy Eur us 01 nu surprise

I
U2 CT 0 In n 9201n A ly nG

An extremurn in A implies either
extremum in a

t I
u cs i e subsonic supersonic IN
fluid continues to accelerate

for Kethymdefos p R'It H tent guns
use Bernoulli equation Hearst in terms of

the min area Am
n gz It 2h FAA using putt const

For a polytrepiceros c varies with density
p Kp't'm Csl Ith Kp in

H Ethel tries
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Spherical accretionmmmm

Consider the spherically symmetric flow of matter onto a
point mass Assume steadystate and barotropic Eos
Continuity 41Trip u hi where u points inwards

in a steady flow dallnni so damp Irina I
Momentum udfr Ip dater 6hr1 uzdoth giddy off

combine with continuity to get fi a Irina Cl EFar
There is a critical radius r rs If c sonic point

at r rs either u g or u is extremised

For Isothermal Cs ft const

H u't g4np t UI const Bernoulli

compare flow at generalpoint to flow at sonic point
ut 25 Ints E 267

as r o u 26MW free fall

as r u and u o P Be
3

Ps p e

mass accretionrate ni atrip g Tom
Cs

For Polytropicted we repeat the same procedure except
substitute u fifty earlier to simplify

in tC6m Iz Bondi accretion
is

in n a limit becomes isothermal
for n Zz 8 513 is still finite even though Cs p singular

pin AM m MOIAHMo
M o at finite time
in reality accretion will be limited by fuelsupply or

the Eddington limit ni x m
Dependence on reservoir properties
ni n EE a fess higheraccretion rates fromcoldermaterial
for a moving accretion point with velocity vs ret to medium

ni n Gm pas
43,2

BondiHoyle Lyttleton

Another solution to CH is the Parkerwind
physically the very hot central gas causes an outward wind

U
Parkerwind

g I
Bondi Accretion

1 srs r

These solutions are very sensitive to assumptions e.g nonzero

angularmomentum I 8 fields break symmetry

Robert Andrew Martin 2021



Fluid Instabilities
A fluid is unstable if a perturbation to thesteady state
flow growswith time
linearly unstable if an arbitrarily small perturbation grows
overstable if perturbations oscillate with growing amplitude

Stable if perturbation decays1oscillates

convectiveinstabilitymmnn.pe
turf a fluid element upwards originally in HSE pi p p p

Pressure will quickly equilibrate acoustic waves but tw6
theremay not be time for heat exchange p p p p

density evolves adiabatically
if p Lp the perturbedelement is buoyant and
continues to rise unstable

Adiabatic density change p Ker
pi up r

p p Ep
r

p p dadzfz p p lttpdazsz.IN x p t fzdPazSz

density of background atmosphere P p tHzSZ
unstable if p Lp daz Inppt co dakz co
Schwarzschild criterion convective unstable if entropydecreasesupwards
temperature Ka p t datz 41 f IpHaz

A convectively stable fluid undergoes SHM
p dataSZ g p pi

II E of data Cl f Ipdad sz

internalgravity waves oscillating at the Brunt Viiscita frequency

6rowitationalinstabitityh

Equilibrium i p p const p Po const I Io const y o

Jeansswindle technically can'thave p const ANO hit const
Governingequations continuity momentum Poisson barotropic Eos
Perturb e.g p potOp I Iot III
Linearise and assumeplane waves w Csl K2

4 70

define Jeans wavenumber Kj 446 2 w gyu k
KD Ks normal soundwares
K 2kg modified Sound waves slowergroupvelocity
K Ck w imaginary so perturbations grow exponentially

gravitational instability
Maximum stable wavelength is the Jeans length 1 with
an associated Jeans mass My pots
systemsundergo gravitational collapse when M Ms

for isothermal collapse Ms a Epo Zx Typo so Ms 4
as system collapses gravitational fragmentation
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Interface instabilities
muumuu Zn Zn

Interfaces have discontinuous d n pl u

changes in density Hangential velocity se TI
assume incompressible and irrotational A u p u

D y O 0 4 0 u DOI

OI is a velocity potential satisfying 0201 0

split potentials into perturbed and unperturbed
OI ow Usct 04 040 0201 0
IOup Ubc to't
seekplane wave solutions Aexp ickx att

0 cap ickx wt tkzz
0 deep ickx wt t ke z

020 0 and 0 70 as 2 as Kz K
similarly 0201 0 Kz K

At the interface uz He I fIttUFfx
2gIz ZE t U Ife

sub in plane wave solution KE il Ku a A
KC i Kot a A

Momentum equation Ol EE In't It I o
at

must be Fct
pressure is continuous at the interface
i p

5 InHg5 p't Ittzu tgg t p FA p F'Ct

p fCH p F'Ct K const consider values at a

combine equations to get the dispersion relation
p KU WY t pk Kul oof kg p p l

For surface gravity waves the denser fluid is below
p Lp and let U 01 0 fluids at rest
dispersion relation WE k 9K wa fCk

if p up e.g Ocean F Hr
If the denser fluid is on top static

we k Yip E tifEp tf
for KE R w is imaginary so there are exponentially

growingdecaying solutions

Rayleigh Taylor instability
If the denser fluid is below but fluids are moving
solve dispersion relation for An quadratic

puffy eaCo u
p tpl 2

stability depends on sign inside square root

IEEE.ua ItIe Kelvin Helmholtz instability
for g t 0 longerwavelengths are stabilised
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Thermalinstabilitg.co
insider perturbations of the energy equation
first rewrite in terms of K

p Kpr RampT

dk p ra 2 Gdp MIT's at

Eff 2 pplsoo
dQ

gives the entropy form of the energy equation

theft er Dee
P

Assume the fluid is a static idealgas no gravity in
thermal equilibrium Io O Oo O OKo o

perturb and linearise
2 tpot Oa O

PoFff Nop
20ft FIL iOoi

sat od FipIpopt ftp.pop
seek plane wave solutions e g Op p e i k't

tEt
such that Recq so instability
result is a cubicdispersion relation FCq 0

unstable if the real root of F 4 is O

Field criterion unstable it 221,1
p
co

8 ie unstable if cooling Iu as temp 7

e g power law cooling of the form a Td is
unstable for a l Bremsstrahlung has o J

If a system is field unstable all modes are unstable
Even for field stable systems there may be unstable modes
for large wavelengths small K ECE 294ftAND
isochoric thermal instability aoi

2Tlp density not pressure
forshort wavelengths sound waves bring pressure equilibrium
so behaviour at const p matters
for long wavelengths there is insufficient time for pressure to

equalise const p matters
If gravity is included buoyancy can stabilise thermal
instabilities
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Viscous flows

We have assumed that changes in momentum are entirely
due to pressure and gravity valid for X o limit meanfree

path
For finite 1 momentum can diffuse through the fluid
Consider a linear shear flow in
in addition to bulkflow there
are random thermal velocities SL
flux of i momentum in j direction
Privy xp nikon

W S
ibulkmomentan thermalvelocity

density in j direction
x is a constant of order 1 For hardspheres a SITI
the net momentum flux through a plane of thickness 81
is p qui 8LxFIm
SL x X tho the For Iftar

momentum flux Hui F Vin
This momentum flux modifies the momentum equation
Ft pui 2j puiUj t psi 2J LE TmntZU pg
y F RFT is the shear viscosity
y is independent of density more particles but shorter X
MT with T Isothermal systems have 7 const
for Coulomb interactions Xx T M or TJ's

Navier Stokesmum

We can generalise to allow for viscous stresses in different
directions
Define the viscousstress tensor rig It must be
1 Invariant to Galilean transformations
2 Linear invelocity gradients
3 Isotropic
the most general tensor thatsatisfies this is
Vij M 2 Ui t ZiUj Zz8ijdr.dk t3Sij2nUk

shear flow bulkviscosity compression

momentum equation Zt Pui 2 Puig ptij to pg i

combining this with continuity gives the Navier Stokes equation
For an isothermal unshocked fluid y const and 3 0

Zay t e Oy Lop It F Pe t'sPCO xD
Ap V is the coefficient of kinematic viscosity

The importance of viscosity is characterised by the Reynoldsnumber

Re taffeta n Uf U is
aa
velocity scale

2 lengthscale
viscosity important for small Re

Viscosity allows for momentum transmission by shearing
stabilise fluid instabilities ie damping

irreversibly dissipates KE as heat
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Vorticity take the curl of the NavierStokes equation
2ft P x axe t F He

viscosity allows for vorticity to diffuse through the fluid
relative importance of advection1diffusion is given by Re
vorticity can be introduced into an irrotational flow due
to boundary interactions then diffuses into the bulk

I 4

FIowinapipeme
Consider a steady state laminar incompressible flow through

Rna circularpipe neglectinggravity DNeglect edge effects u UCR
Navier Stokes fit a Da top FI tune tfoco.frsteady stymnetry

no gravity incompressible

v y pop
laminar un 00 0 h f o

z component v trZn Raff I fz const ITIw
R only z only

Integrate equation to get u ftp.uR talnRtb
finite at R 0 a 0 u 01 Roa R2
UCR 0 no slip 4mL

Mass flux Q Job21TR pad R
Beyond a certain Re flow rate there will be turbulence
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Accretion

If infallinggas has net angular momentum almost always
true Bondi accretion isnotapplicable Gas tends to form
accretion disks near Keplerian orbits
Accretion requires fluid elements to lose angularmomentum
Model on thin accretion disk in cylindrical coordinates

axisymmetry 720 0

HSE vertically Uz o

Angular velocity A fans varies with R so there

will be shear between layers
Continuity If Ifn Rear t test Zz

Ift t t Zr Rpany
bymmetry use

for accretion disks the surface density is more relevant
SI p de Et t th Ir CRE unto

can also derive directly by considering flow of mass
intent of annulus

Likewise for the momentum equation we can use NavierStokes

on consider annuli r
dat affirmant am omgmtm in ang mtm out t net torque
12 ROME RN fCR fCRtOR t 6 RtOR G R

fCR AREURAN describes the advection of ang mtm

viscous torque GCR 21TR v ERaff R 2 RsvEdarn

ZHRE.no tnZnLERuoun ttnIrCvER3ddFe

For an ax isymmetric orbit tuff O

un
ZnCvER3d
RE Entre

sub ur into continuity eq and use Newtonian point source
with R Fire 2 3z2zp R Zp VER T

surface density obeys a diffusion like equation
if F UN only itbecomes a lineardiffusion equation
hence narrow ringsstart to spread out becoming disks

Estimate accretion time

E titre R aver T E
v r

tu I Feo Ruf r Re
kinetic theory gives very small v accretion timescale

greater than the age of the universe
i e the viscosity driving accretion cannot be microphysical
viscosity believed to be due to turbulence
v CD Ctf DLD Using the characteristic

quantities in a disk v a CsH where all const
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Steadystateaccretiondishismum
Energy dissipation perunit area of disk

fdish Soi's BugUi zd dRd
flux f n 2JUi t ZiUj dz

In R daff dz n ER2 dah

Continuity e t thZnCREur o

steady state RE ur C nai in positive for
IT in flux

Ure TITRE
Axisymmetric orbit ZnCvER3darn

un FREEH
steadystate accretion around a point mass REAL

Ifrs Ini Ir GER
integrate with innertorque boundary condition no viscous

torque at some inner radius i e NE 0 at R R
vs I l Rfi

Sub into dissipation formula Fdiss 3647hL I F
totalenergy emitted f fro fdiss 2TRd R MzrI
i e disk radiates half of the accreting matter's binding energ
other half is KE of infallingmatter

Far from the inner disk Fdiss
36 13

the local rate of loss of bindingenergy is
Fdiss est dR Ir GIL I 64Mt

un w
araneanuot OGPE 12 radiated

i e 73 of dissipated energy is net from OG PE

source is viscous transport of energy from inner outer disk
Can estimate disk temp assuming 88 radiation

told 2 o Tete4 3 Mifz I TRIPbottom

at large distances Tete x R 314

All observables are independent of viscosity need to
observe nonsteady disks to learn about v
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Plasmas

Magnetohydrodynamiism MHO

Model fully ionised hydrogen as two cohabiting fluids
I Proton fluid mt ht at
2 Electron fluid m n e

Aggregate properties of fluid
density P mtn t m n

COM velocity is the density weighted avg a mtnthIptnin

chargedensity q n et n e

currentdensity I etn tutte n e
Conserve particle number II to Cnt E o

multiply eqns by Mt to get Fft 0 ea o standoff

multiply by e to get charge conservation 0 to I O

Momentum equation
Lorentz force on each particle F g CE th xD

fraction ofpressuregradient attributed tofor each fluid each fluid j

m
I
n t tf t UE O y NICE tux E ftOp

sum P EI t a Oa Op qE j
new terms

Ohm's law connects 1 with the electromagnetic fields
I OLE tax E where o is theconductivity

Equations of MHO

0 PY 0 Mass continuity

t t 0 I 0 Chargecontinuity

P Fft y Py Op t EE t I xD Momentum

I oCE tu xE Ohm's law
Maxwell's equations

Ideal MHD2

Consider a non relativistic and highly conducting plasma
Approx fields as varying over lengthscale l and timescale t
Ox E If E E Ee n u

HEH to T E 4 non relativistic

can ignore displacementcurrent QE Mo't
HEI
Exe Fon Ei Eia
QE is negligible in the momentum eq
i e charge neutrality is preserved

Combine Ampere10hm Oxof Mo't Mooc Et ex E
take curl 2 Tx LaxE t forME saferotonfinity

goodconductor or large FIT p x LexE
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magnetic flux is frozen into the plasma
For a goodconductor Et e x E to I o E t of
Ideal momentum equation p 2 y Oa Ppt folkE XI

electromagnetic force perunit volume is Ema Tuo XE
using vector identity Emag Tuo TLE LENE

magneticpressure magnetic tension

can absorb magnetic pressure into Op to get
p 3 tu De toCE DE OPtot plot PtEmo

MHD wavesmmmm

Newterms in the momentum eq different waves assume

Perturb density pressure fluid velocity B field barotropicEos
Seek plane wave solutions e.g OE of o e il E E WH

It i w O ik
continuity wop po k out
momentum wpoor fullE oE k Ge Eof tG8pk
flux freezing w OE E K Oa Ge E ok

Perturbation perpendicular to field E t to
simplify eqns then eliminate op of
ou x E so this is a longitudinal mode

result is cut Cs theopo k

define the Alfre n speed Va Eo WE tune K2

it is a fast magnetosonic wave travelling faster than
thesound speed due to magnetic pressure

Perturbation parallel to field K H E
we poke WE via ri Alfvein waves
transverse incompressible waves due to the E
magnetic tension

at

anotherpermitted solution is the standard sound wave

For a general perturbation E K at angle Q there are
3 modes Alfieri wave fast magnetosonic slowmagnetosonic

Magneto rotational instabilityrumrunner

Consider the local frame of a patch in an RCN
accretion disk x

Momentum eq
Off ITp t

µ p PXE
x I 24 1 tax Exa R ru RYE

w
pressuregradient magneticforce Torinis CTtrifughl gravity

Assume

uniform field to BE alignedwith I
cold gas ignore pressure

only consider k k Eo perturbations
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perturbed eqn Off zoa x I top Eo D 08 Ox RIDER
mismatch ofcentricgravity

seek plane wave solutions and use MHO eq to getexpression
for OE
result w 4 ai 4N ddIntzckvnfytkvnfkkva.ttdarn o

Ignoring magnetic physics WE 4 r t daffn tedahR4h7 Kid
if Kri 20 we get radial epicyclicapproximations
if 7in LO i.e h decreases with radius the flow is unstable

Including magnetism unstable it was o Kraft ad n0
if the field is weak kVA is negligible
unstable if DIALLO

hence even Keplerian flow is unstable magnetorotational instability

MRI is stabilised if K Kcrit
critVAT Edina 3 in Keplerian case
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