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r-‘\bc - ;'—9‘*0((9" 70‘6 4‘90?“‘ ’90( jb()
* (ovanomt O(AE:@/MI'HM('Uﬂ com be nh‘h’fchamfcd with raiing or

Iﬂﬂ&"fy ndices | Vc T‘u’ = Vc(al,«1 rqd) : S‘AYQ qu&)
5 we can this freat grockienls os veclors : A R A
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e9 Covosiant dadofives  on ymit  D-ghave in &

b uiing Jacobiy frmula b an inverfibk pedrix 1M
(M9 w | = Te(M™) M), com brnee with oe*=df% + singol@® =2 G, = Uyl sin%)
Vegos 20 > % cdas = B™gus M 22005 . we get INEET N CTYRRN T o become: Gos divgrmaf
oz6, cum over o : ZI_,Z : 999(9699¢ t o Jot -aeﬁéc)
= (9686 +3Sor — dofsc) = -Foguc

e contruchion of the onnechon
M - 197199 = g7y | . . '
Only ron-cero onnection compriont 1§ /'g’ - ’5‘%-(!!‘29: P
In loak Gurbesion cooringtes,  9us ()= dut, O Godly =C 979 (%96 +3 Gob -~ Iic)
sfn'zG( §¢c % a8 + Spyp 9:.0}139)
- re¢¢ = rqt’g s Jz sin"6 FSin® = col 6.

0 Cheistofrel ggmbols vamish of Hh point
we coubl have insteadl olorjuedl o

=g : ’er

Y] "

Lot Voub =v" .
exic for Va (k-,/Hf\g wth local Covtesicums

b Hy ezw\mleme cdlows w to rewnte SR Gold eiao//‘om
wiing Vo jnsfecdd of s, amd the engA'wu will be gentml. A P RV
Vou? = aov? v [h v° =P rotov?

b
VaVb" gaV‘ r rnc v

ov® - sinbane VP

e
Vp\le = 9¢V9"' Mgev©

- The oln‘vev?ence of o vedor field s He salas & elol Vav?
V0 V¢ :9¢\/¢+D€\/t < D¢Vd FCO"B\/‘

Oav ™ 2Vt e F5VE = igl™ . (15l v?)
The cwrl of o dual~vechr Fied is the o Hiymmalsy OF the covowiio
Jorivadive  (ype-(02) bemaor) = |(curl x)as = Va Xo~Vik, Grod: VY = g¥y, ¥ = (9%, 9935) = (%% sin 0 %6 v)
el x = Jaki-dbha Gig: Vav®= 2eV® 1 5gv? 4 cobo v°
laglacian : 72U < B7?Y = Jod ¥ 1 34 (5in0dsY) rwi6 3, ¥
) ‘Z?a(“"g?:;\ * o 5o

Ly by Cynmel’lj of copnechon
© the mob of cud asa vedor dpe ol genarabiie leyonol 30

The lociom 75 the wntiackion OF two comviant dysivalive;:
vITY = vy et - A7 rt,



Indeinsic doriiofive aud MMQLHMS rt
* The jafringie oo votive 15 the pmjed»im of the covwiowt deywakive On
e famgeni fo o cuvve.

© Biver ocvedor v (u) defired along o cuve () (e the
momenfun ok o goink on _the particlel worldline) :

0\/0‘ = JJ‘ v a dv® dbr~a ¢ ,
— ==Vy =& = |, .V ol
Pu dw du ‘-\"Wrﬁc//oo@:‘:f//ﬂ/a /

L> cortract covamout obnafive with the feugent- chr
b detini #ion applies o fenson
LS indrivie clriv hay qawmte pra/e/)‘fef as ovavioatt oljvafive
Ce-g linesnly Leibniz)
“In Covfesioms, o veckor iy qu,lld-,l,wpww i€ Mhe M
(f""\wng\# u—n/o& consfam] as we move olmj"\ cow Ve
Ve — <
. p“”"‘uddf’fm!pol‘l’ o ¢ 96Vlc¢q,l yvnqm'(%ln( W defed a DV/WW:O
L genershies o tenson, e g P pu =o.
ngl\lw\ o cuwvve, theve will be a wnigue pm//uﬂd-hmpwﬂd veclor
(5iven wwe TG) conrecs vechs
) fﬂ&'omol@n# of pmmelerho\f{sn: Lyt =-Lab [ vb o o ot poinis
L Scalow ploducts  (and thug lewy#u) we  presered undys frangpoct-:

0{(\/""’\ v a a Pb b
T . = Viuw') = g v Mw a vt _
o D (9 ) WYt s = O

L)POWGM tromgport quﬁm@f@w%/
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GQOOQJI.C curves
- Geodpsics axe the gererahigabions of shaight lings fo cumved Jpace
L gplined s the cunve of ectemad distamce fofuwesn 2 poinks
Loon meailoldt wbh o webric conrechion, geodefics ave the tame ay
owdy-pawalled cuves,  which posallel-tramsport fheir zom¢en/~ vector

The fomgent veckor fo ~come X%(u) 5 t° 3 ol

T e
L cwve |y himelike if ubt 't 30, spacebike i guit'E CO
othawiot . The chavocter of |*  cam c‘w\m’e along o cuwve.
L o a aon-mul v, He leij\ of o fomfent yector 13 d%lm

¢ 6 (V2
b ] = Dgptg) 2 = Loy 2% =y,

: ﬂ\e 90.oduic éd-weew po»’nh 14 ol B o\ & mamio can e

bound wing the Euler- la,runje. equakions :

L coniider cwve  x(v)  pouameterised sh. Aiuz0, Gu

- 8 - ! VI Y 1/24 Y 4

L= [Cos =fo [gasd st dun < ol
—— !

dun
yoyowimt fo p&/ﬂmd’wﬂmﬁo,\/—a F = E(‘i
, . oF _ 2r )
b extremise wiph E-L: G5 JL{t Ix®
QF - _1 9 ‘b e ° /
aﬁaim = 4 ?l:' 9oy xb - for spreemke

o(u(-F Jot ¢ I-Je
Sht it - bdgarie rLgg 50 = g Ageata
< 3“'\‘7&;6 = -F"Mgi ’alﬂr‘b ‘}_’(lac‘?al, —9&’&))‘!".{‘
N

o
‘:5'(9(3“ Pgbauc‘ o»jtc) 39“"(/::



. .. a . . 5). & Geodyic C?ud:on
= x®r rux‘x‘ :( 3))CA (aon -auil ;cob&.nq)

L Can be wriHen ex,oliu'#ly as fonor eguafion : Vp’é: =[g)fq
b there exighs om o fCine /Mmdmhm/fot" such thed
weasrh = F=0 = e[ 2%x¢=0
" |n e affire fw/wefmba/ion, g{t.: =0 ”:/‘/fﬁtl:w"&f,
© the tamgem} | inoleed powalipl - Froms ported .
L for nul 7eoo(uiu , we camrol extremiie cince F=0, s0 we
obine tham 05 cpves with ponollel-toms ported  null temgont- veclor
L the chstler of o foagent veckr 15 pesencd along o ook
(since  posallpl -tramyporfed)
" Using the aftine powonn, fheve I an albtrnative  Logrompiom agprooch:
0t .o = Pb.o o g <o
odw

pn P

_ 6, C
. og; = 1 (Agu)t'

Ly e , . olc® oot

> this s consiibent with a,;/’any E-Lto L= 9ab Tu g , o
we @m just we H\al'l‘meoha/e&j

L thiy oW(ao«cL cacribices pwmdmm/rm (nanomee,

Lﬂee I m Gob= dnp = L=x* vl L xz0

= xzoaw+b  Cohought lme)

IF e pomitold hos o Iymmf/'/‘y, $0 Gob indgpadim! of ome povheatas x©:
‘->3 & 0 9%-0 = € = const

, e the cfh compoent
of the fomgert veclor o conesved.
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Minkouski Spacedive

* Minkowski JPM"J‘""C s o 40 eeudo - Aiemannion mamibotl with
mekric Nmv: 04“’\9["' -1, =1, -1)

L He ceodhinates x™ correspond & G tesiom coonlinofel (A ow
werkiod frowme  with & =t

x'=x, x*zy, x3==2
L ‘ﬁ\e metic [\ b t0 we cam chwie ?lgbo.i rnertiod con/ntina/gf’
So the olowvivadive of He mefric yanizhes = F vp =0

. LOrGV\h ""umﬁrms (LTs) oe ju.\l‘ coordaﬂw(B tonstorms . But whh oo ﬁ[a fof

copdanakes, the nelc s e banged: )7 90c'/’ Qx'”

o ox lpr
b this ,‘mpln'es thot LTS ave finens:
\M —/\r‘,v 1",1'&'“ Wﬁ"\ ,r)rvyg y Aa- }7”‘

L od* 1 o consfomt mrmpmo(nnj o o ShiEt (n oqgm lramsform
I\omngepw i€ o« M= 0, Po:ncowe e .
o
l?FV o Llowent; beost in stomolord coné}, /,MV :(‘ 0>

=By

¢ o=

e~ G

¥
o
o

bothe e LT it An 207 = M1 AL

"We enly consioler profer Lorentz tramitsrmotions (e spatial

Lmdzelmtss amdl enclides fime vevorsad)

LQM LTs hove ﬂ’ﬂr’_}l/\ = o‘oj’[_' =3

L we rjuire el =t oamd A°o 3| Gr a proper LT



- The wmer Pradm:f' of coordhinnte bagls vectors gives the towgenents
of the menic: 3(es,eb)= 94(e) ‘(e) < Jat o
L in Minkows ki e, we have €'y = /IMK_Q‘:/WJ

Ly the LT olees nok thomge fhe mebric, so 9,(6

Cp s &) T Vg
owd\ oy the news bl veetors ove chifl gvthonormaod.

Fovelocky 2
- Y-vechrs’ comprents humsborm view: VA ;— /\M v”
L Sme/(..;ﬂe/h'ylnl-hke chacter defeamined by fhe sign of 9 (v, v)=oli®
Laa fimelike /wll echor 1 fnbwe-poinking € °30, efse Fu/—-fbih 7‘/;4]
L)H\& mﬂ(-rl( QUOW uj fo auou'afe vethors with o(Ma/J
V=tV D =, iV g
" For o pq/hc‘e with  world line xM(—t]

o
(-cwtjam‘ fo the worldline :  u" = 5%

L proper #Me il an affine porrmebty becamse olst=cidc?
L ‘I—V&(ou"g i Futwre- fw'"h“j axol lmdnke

9»*“" j"“’g:ﬁt ( )

= Ilzlg.
the d-velocty )y the

= c?

L the 4-velocity com be writha i wm: oF Hae }-vdoul-

poo (M o dy d»

w €dr, At, ,otc) - ( / x+,oq d'/'

wh = g,'z(cl u) e q,éwe of notation

L novmalitokion o € 4-velocity gives the rolakionthip fefweer
cooplnake amd proper Fime. c* = Nyuv wMu = %;)l(CZ‘ /‘?/l)
> ()" = wh = Yole, )
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- The ‘-lw@(ucl"y com be LT via u'"™ =/ 'kv w”
X b’v -Byy 0O o
( Z |-pyy ¥v O o0 (b;c
Yo o o o  of\%e
V] o o |
L 0-comparort gives #he relokionship bebuean Loventz gachort:
T =YL (1- ¢ a)x/c) _
-
>, W —ﬂz

UWx * |- BAxy

l% l;'wmpov\emh (=1, 2,3) give

ﬁ -acc JMO\AO N

“In am mwt{u«l (mvwle a free ,awfh‘cle has yf:comlf, Yn=coni b
wM

=0

b turn in’to 7‘enaor egwhbn by uging gzi melric Comecton vamivher

jn Olo‘a.( (aeteioms = ?I"L: =0

%ﬂ L thi mphes thot e magive pacticles move on hmelike g eooksits

in Minkows Kt 5 pace
Y epuivalone principle mecwns thed- +his holds in genend cuned pactine.

“Aa externald (ﬂon-er.‘N(onrJ) @rce will tange the poachele fo

o.c clevplde . VCFMQ, the Y -accelovotion : Q™= 7t

bt
L-)pr\ usé o(b(d'ﬂvy 0@/:'%/-{«/2 n waeu\m cooﬂa"mlj
= b w et
QM: 0(’_“"“ =XM9{ [YM[C/ (/‘?)] u A 0(.3/7‘;‘94-3/““)
oz jad
3 - -
L 4 aaduu}fon m orHeyonql l»o 4 -velocs

0= ilz(’ = d‘L (9 V“'M“ﬂ/) pt(ﬁmvlkﬂuv) = 29m ¥ Mh - 23(“ u)



Bin RF, =0 = a"=(0, &,). Hece 2 i a

Sf‘h&“kﬁ veclor with 4. mn_7m4w& Npv aa¥= 'I’fm_p/z

&ﬂaqu of eMHdEJ

" for a porticle with rest wass v, the  powenbwm 4-vector
dobined by p" = mu” o
L) 3(‘11‘4] P TS ‘ﬂ/z= 9—(#,2) = md? emvamﬁm/.
L p” hay components P (Yume, P) whoe |F=3.m3
e relativitic 37 momentum.
L Hhig form of ,7’ means thol moventum G conerved in ol Frowmes
ond F = g
- The Occomponnt o 4 -momontun & the energy: f°= mc = £,
L> am show thok He mbe of work = b?'f’=£—ﬂ(3’umc‘)

=

L e can Hhus write f’g(g,?)  the magnifude o £ which

gives the  norgy- momeatum iyarisnt : £ - |7 et me*
b for a fre ponticle, %L: =0
“"Fw fJoIaICd( laa/#de.l andl. Jkarf-nwl;ed jnkevockions, g@ /’ﬁ = corgt.
- The 4-momentum am be ct\wgea[ 6\7Hne “-torce -

[ lgﬁ: = mal

L W\H\o?ono\l o G-mowentunm 4 '-f've(ouily,
o elske b Fbe: 15 nd, (£ 7)o (T2 7)

’

1]
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“ Phofons must conserve momentum. From E-p wvaviance, £ = (7 ]c
L o (4, 0)=0 tor phobn so Ymomontum 1 a Falwre-pomh'nj null vector.
L comnot we At oy a poowmebor becamse for o nud{ poth d=dz=0

L bub we com chooie sme p oo A such fhak fM: oo(l'%'u.

mM_ E/ £\ . E ¢ dy dy dz) . E olx*
P B E) = E(%, %9, %) - 5%

D b chooe A = CHYE | with P bany o fampont vectsr
fo  the pﬁo}w«h worldhne x"(2)

"
ﬁ Ly pf/p;‘ =0 2D free masles pwﬁt'&l move on nwd geoelel"c "

Minkowski ¢poce with am of€ine ponamebor 7 ,,362 ¢

Complon_ccattering

- Consilgy the :ca#M"\j of o {sl\afan {rom am Oleckrn | the rect rovme

of the leec'lfan:

1

x x' Pl
Betave ,(X/v. e Atter s
M q" @ _
P 9 M
1‘

. lm‘rw“% IOM: '}éy(‘/’, 0/‘7‘ ?M = mell, 0,9, 0)
" Conjevve  H-mamentu ’iMz f’M”iM‘FM

L 15 = Lol s 13 « |31 r230p,9) -2 20p,0)-25(4, F)
5 obwb (G180 = mec? amd [E*= |20

_ v
=D V= (v /mec(l-cos )



Local retoronce frame for o gemenal oberver

. JD
For o 7:'”:{,‘ :GJONW on wo&l:,{lne O, ald
wo F, Ut € (c)
At peger hme T, Cmdmw(—e bogis veclors of He 2

[RF 'QM[I) ,A=0 =3  form am ort0'wal  fagis .

L u(7)=c€(T) by constuction

L ¢ (1), i=1,2,3 spam the 1idonfameows resh yplee.

b e poyts corrgsponds to the movn}lj sbiewver's local [ah frome .

* The ypo&l‘m‘ veclors awe Only Aekevmived wp to o Jpafiod rofahien. Howrover,
for o non-accelproted obsewver (movig on o 7eaoénrfc), we com yust
// *rwvgporf ﬂe/ bl fome
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E lectromagnfiom

Mox well s eguakions in am nertia] Frame:

S o Y = =2_ 2

V-E-=¢ VKE--;:t_ )2
..>.) - = o
VEg=0 UxB = Mol F i ot

"The Lorent, Force low 13 f= Q(E-)r @ xg)
S [ineow 1n E-?,l?, o we m fry to wrike f,,t‘i/,’;v""v
whove Foo is the hpe- (0,2) Moxwel | fiobl Jfr&vn/M Fensos,
L v awd F™7 ove ambiymmebric ¢o thak Fu
orthosonal o “4-velouty.
L FIM( cam,)on%f! of pr I?g/ m«fchél, com/M/J fo ic,w (ﬁ[ —q'f)
. c 6/~ ‘(FMV”L ‘irvt( -, 'E'lf"?)
{;szu-‘ia’uE’y“C =
= :XZFM aY = q ¥ ?V{{v/c Fov = ‘L;:
L £ = QFMM Fq Fiju = q)’[ful—(utl?)[]
> ‘lE° N F Q¥ FjU = -qb’m(; —73’.4 (u?uf)
= F1“'5 / ’3_g>2 F -B

‘9 E/c E/c Ej/c

= /c 0 -g: 2

ENV -pl/‘ g? 0 -g
B F g

[Cjchc ;/0,.)

& choamge v
F*Y by Clgpins
0-i, (-0 &i}nr

0




*We pow hinow how Monwell’s €4 tramsbn reloabioiticalls,
b LT pH ,AMV Y > F\MV:/“;/IVr s

o i
E‘?\ - (M‘g’a_vgz] 7 - }(Bhr'/l—"”/c‘)
}(63 *Vga) v( g~y L:‘)l/o‘)
> theie aye conistout wih the Golds vepdbing Gom  fousth-corbueg
cwiont dpmentr and  Ampave law.

COOW(‘"\Q& free Mgwa egugﬂ'om

- Considhy o cunvent dhiteibwhion T foened by a charge dpmstty
/ MoVIng with 3‘\/9‘0([-/3 (v,0,0) n f, e j:)«’-/’('/, 9,0).

“Let S be the rest froame of the chavges (stamdod omé1g) with
cklwye Mﬁy yA (20 comemt jn f')

b /%]'H\ contrcted in S bt charge some = p= 5 Ao
L this is conlitent with & cprent g-vechr J'M:KC/, f)

“We wanf b ook the é'do('lheny'lh tmyor Ho the curremt-
Y-vector, [ivear |n Spacehime oriwdives. We try om gﬁmﬁbn
0F the Grm VuF" =k "

"’l‘r\ ?lobw‘ inerhal code/ MHJmea‘rj of F"w irplies chavse
conbauity: 9/" F*" ki¥ = 979,\4F'“7;0 = Ko < didgerice
00 i
S0 S et e G

3i“iﬂj one of Mowwell eG UG where  K=Ms
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Lyzi duives the cmd forev in 7 x ?#45 fc’!/i’i

+ Soune-free Magwell e requice o dittemnt towr e

ViE=- %‘i , V-8=0 (A eguation)
bwe need o tomor eq Hhok involies he avaviamt okriv of
Erel shength cwol 4 incbpenchuf compongats
b considey Vg Fupy =0. 9lobod. faerhal coorobinafe; :
QuFp + 3y Fop +3) gy =0
L the 4 chorcel of indices ave (9,2, (6,13), (6,%2), (, 2/3),
each of which glves ore of he e,yuod'"’”"

- Meru( s equotions ae thon juskhe urlesian compnents of te

fomar equations Vewkfr =0
Mmtvpg —

Vp an' - 'A dJ'v
L?&lu;vdmce fn'r\cu'ple implies that- it hols in locad Thertiod codrobinate.




S pacekime Cux vofure

 Gowoval spacetime  must be o psevolo- Riemamnisn momihld
Cecamge  (by Hhe Quivelence principle) 1} showld redince o
Minkows ki gpacehime, wheve ols™ ~ 1)p oK “dX”

“brouity muk e spacehime cuvvnfure, othevwise we coudd extend
lowl jnerbiad coodrnntes 4o all ;,mcaa‘l)nc omol Theve. would be qp
obiorvable eftects.

* Fer cx?w&ﬂu( MaMIPold we cam FCinol o Free- W‘my aoll—ro,twn
{rome (€ ool inerhal coordinakef) Suth Jhap

s O Ny ad Oy )]y =0
L>l\awwe¢, G§ WE MOVE Quow Erom I , ypq(%}ne fooks less
like Minkowski (pacetime :

= ’ 92 v P_yp T _ yo
Ypv '7’”*2‘(5,%,9,; (xP-x2(P)(X - X)) +

- We com congtruct F@fm.'-normwl cooply nades &/&ywhwe
on the poth of & freetalling sbuerves (Hmelike §esobar)
L consicler o o‘?bﬁww carry'ng Q //-#'Wpoff@{
orthomme] fomme 5 ew(T)§ alov\j her
world [ine . ey Qz(d 0

L>omy [M'M Q cear C o be et o 4
a point P on C b:, o Jpace(A\ke 7eoolwl
Or‘H\ocI'onq,( fo @9 011' P

=

e (t)

- Weak Gidd = 7|obm( codinofes
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be a.m‘yr\ Y~ coorthnade XM(Q\'- Cct,fﬂi) wheve n° ore
darechon cosines of the geolesic of P.

Newtonion free fald

 (or weak Liekds amd slow fuwl—icles, the 7&:0&[{( e?uo,//on

redmces to Mewboniom Gree Gl .
2~ Minkowgski com&hm/e.l, re
\? = ')7/“,1‘[),44')/ , l‘qﬂﬂ//((7

(osswme  mefric () sfadionory o 2399 30 :0)

“For slow ,vxov{nj Pa,Hdex " ,"g_“/ e D ld—’{14< obe

B we thys dont cowa abouk (= )//33 ferms jn the 7@»&.{1(6?6&)6%
N A ol

v S vomith ome_ [o Shodioneer
Ch = 29" (1200 ~9vfes) et e
? 3,,“9;\00 ~ -] 2 "’,‘419 ‘\oo — ’lsf ovoloy

N Ny

- Connechion coeftic texml.r ]

-

-
2
N,

- reu"’ , [_ ‘gl\oe

'6eoolu.( eiwwmn thenm gives:

L 0“" 0 => éﬁ x const

laa‘ x =€ Dhos (At At by
) QLT:. 2 ox' ) = 2T Z oxt

* This recoverd the /Vewfvmq,,\ result d?:fl =‘g£¢ i€ G [+ Zﬁ
O deO( opprof o llm] aJ [@[ ¢ c?
L Fhiy hololy n mest Sif’l/tmﬁonl, exc@/# ey black hole Gemt fmm},pry_



(RSIC_Cuwy & momfold
A anibld 5 Aot if Hor o ghbsl Gudenans XN cuch st
A= g dx)or - ey x| €o =2/
* The Rimony, Govabuve Tewsor (RCT) olgsribes Hhe aringc
Cuyyofwe of o mamitold ( ma/o/cno@nf of wovlmate))
b éy construchion, fhe ovwiamt rimfive commufes on ¢codon
L'ddé, e V“Vb‘? Vo U @ - Mot frue on temsor Eld)

L .9 br o dual-vectr Eelol-
Culive: Oal@ved- [ v - 1 Gw

=[adve - 11 Ay - ot = 13 Gl w] Qo

- (9««{'::)%( + f:cr:( e
D o~ V,0ave = Robe Tud
S the ﬂcT " e hpe- (1,3) benor
RN AR SRy A R PR b
by becume  Hhe RUT (nvelves dovivotives o & the couneckion, i1
rdofecd fo  2nd oo ivesbives of the medric.
© Flab mog pelds  <=> /&atcot =0
* RET s Mfuymme/fmc in the (-’mhL fwo (ndrces
ﬂqtc - 'Rbu
omok  hag Cc/cllc :ymmd’ry: ﬂqbc + chbq ¢ wa‘* =0
" Further Symmetries Cam be geon by comfo(@vfrlj Rakeol = ueRn i
Ly cam chow symmetry i eal cartesion s (mut thon fe true gesenily)
Rabea), = 2 (9add guc + e god ~In e fus = APl Fac),
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b (&Cf is s anbisymmedic T fhe [ash fuo .‘naaca Qad= - Raioke
omd Syrmetric gwo.ppmy Nwz [oars oFma[lcer
|-e quctk ‘chla‘,

“In l|7/ the RCT vowmishes beceme fhewe 6 ne nonzeve fewyor with

one nder Hof- 18 Mh'lymma‘rl'c. lie Qiz-0 =y, =0]
> all [ines ave (ot (oven i Wécv(uﬁkl/lj may  be cunvel)

“ 217 REl baj onecorv@onemt firsh +we indice mull be MEE (ool

Hhere ove onl] ZMMMle) while lagt o mwt = Firgh fwo.

“n 30, ACT has 4 mol@f- (,ovv\po'lwh'.

Ly fust ok lcul’ gwiu hare 3C2 choices: L, 13, 23
L) ﬂCT I hike N },(3 Mn‘;(/ so £ ;‘no‘qi' componenfr
> no fwther conshmints fom  cyclic symmetry.

“ In lW{ ecT has 20 ccw\ponewls;

L (2 =¢ choiy G first(ah prics
L 6eS+dqee-ri =21 components  contenf wi th b6 matnn

L Bur Cycll‘( !q,mma/ry nhoo(m:_( one consfraunt



3 10mChi i@lﬂg amd the Rict {emsor
- The Bianchi jslmtity 1s a cyclic relokion invy fing Hhe @CT
ViRocd ¢ + VRead® + VRaid® =p

L) com be Shown n Covlepiaons => Frue gener
L (7. chde)p >(-3a3, rfd r )y < ng},;/o/e:;;ma/
‘lower-ramk fewors com be frmed Lrom Fhe RCT
by con froc fion;; ansyMwe(-ry in Gt aml lagh paar mlams
wn o1ly wntracf acros one inoler from each oo
The Ricci temsor 1§ the contrackion Ral = cab €
L Eom RcT cyclli Jymmd—/y/ the Ricei lemsr 1} Iymm&c[rlb.
Q‘m" RC“‘?C :‘Rﬁcbc ’ebq ‘ "lef\la( = /ZW(J
*The Rici femior cam be contracfed fo Grm the Rice dealony
R = 3“6(&6
Lon o Fof mown i fold ’ewbcdza, Rab :0, R =0
L BUT comene not dwayy frue, e Rok=0 % Rae =0
© Contraching the Biomchj joknbity over e  gives:
Ve R ~Febed + ¥V Renah =0
L controck agmn_over ad_to give the conjacted iamchi /béd//lj
7 (B - 196K ) =0
b hence dgFine the symmebric omd ohvery ence -free
Einiten  tendor Ga b 'v:éqt‘;[faé/?

-
reloded }o coNy. Enaxgy,/t/lﬂomwl-wm,
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Cunvakwe anol pawolle bromcpor
“On o mamifold with intringic cuovatune, [l Homspor t i3
pth-dygeclont  (i-e Gnal veckor olpeosds on poth).
- Gongioley o inFinifeyimal ‘oo'o C pom,mo#wueol by via,)
U with a vector v(v teity /[-Hpmiported.
Lyl thorf’f Z(L‘\iq: -r, i{“’c
b stavking Lrom P amol  // oawsporting  gjves
j Vel = v ) _/Mt; r—b{ :‘Tg"v&""
L>Tm]lor eq(lamﬂl fzt omdd V) obout P
DV =)=y (up) = -CUT] - T 16 ) Vo) §odet
L fo((x",c“) =0 2 ffbdxd Z'fxdefé JO  cam M’Ij’mmdﬂ‘vé'

> [avn Laoad, vl ol

Xg L i-e A\_I ~ cwvwl’w/e x V X owea
* Shows Hhat v does not ck«m;e on // fm»uporf i€ mamitold & Gk

Consyodune_ and! gescsic dayiation

* Cuvvodwe cam comye twe |'nl’k%-pa,q//&( 7@.«:(:4[” b olevicde.

: Considoy 2 gesslealcs in RV ith affite poom u RV /50
Bsepm\h‘on vechr 5[“‘) 1S hnear 1a u
D not frue on Swiace of a spheve

‘fFor 2 genoval 7eoJ¢Jl‘c,¢ (,C, the C"Med—uy M Xt

Vedor iy § ()= X (u) -5 (u). }/ﬂ/)(_
)

x‘m J? “{u)



bcom(dw Aaw § vawie with Ny fwfhw‘ 7900'{{41 eguﬂ/‘lbm :

b - . .
d_f +f'q J’c‘a'c‘—[-: xt=0
du? <

oLx b ‘
Qfavlor eﬁpowtbl /— [M) f u)+(9ar2c)5°(, o - d‘t é’i
d; ' lrulbfc*? I—:L ".i‘fc( =0

L +"l.l o be written as the (fomor) equation of ;ewéwi olaviafion ;

. {
%(‘%) - ks b5t =0
'FW o Elof momiﬁ,(ol, R.M,cq:o > p%(i-é S ,;_;4 =0 so

$ jndeeol yawies lineasly with u.
: (V\ S{"’G’fuﬂf i Fhe 7eo°‘€.l Ic obwiabion e7uahbm oegerite S the relshyve
aesleoton of n‘ijhlaowinj [ree-ﬁdl'nj W”'.CW due fo fidad efect.

L pa/owdci Woaw uz x* g the ‘f-ye(aci/y

F(T) - s 5”
Pyt —

fln :‘meﬁ’l'v\‘xv\p 15 the f—.o(ai femgor [Symme/‘r’m)
‘In Newlnian growity, ::;1 (- i: )een ) “;{: =( - aﬁ
= d3§! PR)
’ ;L_f; - -( 2x3ﬂ) §J
bin fa cpace, 7@ =0 so ~3d) O symmebric amd
trace-€ree; volme of o sef of €alling  paticks i freserved.
L in the weak-Ciod lpw speed limit, MNovfonjom = geookic obnodion

(>

X(t)
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Einglein Feld £ 7 wihons

-PDI.UonJ eq. oloes nof ‘W’ly Wq//(g bhe comse aé!eNeWob./a;@e

o Hhe O‘CMufy /ﬁCf) (/eﬂyv‘h contraction). We m it g emeodiic,

“ Congrdor  sfokic it (non-mieraching Porat mauey).

Lin a rest Lrome S', the nuwber o‘&/l.lﬂy S No 36 the
enelgy damsi by 13 focl = Np mc?

Liin « Game S where ot W movfni Ml}‘a(m/y ot 4pea=( 7
nw. Mll'l’g i3 0N due fo /anﬂ ontection go oncry 4
Awmsi ty 1S /61 < (Fno)(Fume?) = n‘t/ocz

b energy obwiity is nok o Lerent; scalons

« The oner gy o‘&«JHy tramiformy like te OO0  componenf of +he

"ype 2, 0) 04&/37 yvmmwl-um 'A‘WMOI‘ T”w ’/pi(,/‘ v % Lif:,{f:,y

I'O' C(%"o)(""‘)u 21) = ¢ x ( 3-momentum oknirty )
l—>or T = (BlamYRT = oneryy Flox
L TV = (%2m, @) & =

€lur of ( -component 0f -momentumn
in | olwechion

Iy gymmd‘n‘c - r‘eim'/eol for cons. wn;ulcw momenim.

* AUl sopvces o emevy Y/ momenfvm sk be includesl i1n  T""

b am 'M €lm4 ) uo#opl( in ils IBF, 50 /.lo 0  owmd
0 xgﬂ ( Cor iJofmry) Vo i€ mep £ree poth << sale of k.

5 in the F TH: o(my( HC, b, po,po); e is He presine.
Lin tensor Goem, T =(po+ P.)“M“ -peg™”

1. =MV
LT



L cam €ind 1/|MMH fiey g9 emapy o@n.{f/, by M’V oﬂ the
fensor components
L r a non-elatinihc Al P, c¢foc? ol THopaln” (i)
. Com&vvwbn of Mum/momowﬂw’\: \7MT'W= ol . M ket
T or . .
et e e
| ox! /

(" v >
17 ?%‘ ' JSQ—;/::J :0/ r-e gf("‘”"'» dk’Ui/'y) + v (flw) =0.

! ation
- 720 = 4wl amek the weakkfield [mit of the geoolesic equation
is Yoo :Cl'/z:%,) = szoo = 8%&3 {—':6750

Gasepl on Hhis, we miyhl’ look Gor o Yool such thak
v = xc_rrqc Tuv

L Mt te ;meo»/'rli and lw;e-(O,l\

L chould relote to spacetime cavvabe

L UuT 20 = Pk =0

L He Ewnstein fengor s a ;aool comclidode  becaunse
G = Ry ~ i?,wyk sbisties T Cpy =0

+ The Einsten frao Q?uoutfam ( EFEs) ave then

| 6
GM'V; 2’41 = i ‘7#1/ R = - &—rcr-.,‘ TM’V

L)Je(' of 19 Coup‘eO( PPEs Gor the metric funchions
Scomuct with 5'“7: RP’” - {%G (Tm/ ) ‘i?wa | Ty '”%
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*We com Chow Fhot the EFE; recovev foigon’s eq:
b Gn’r & non-rolodiviiic £luwid ?Mv % '),«v *I\,uv
G Ty » puphy, T =47 pitpts =gt

D Too =1 §eol = {46
=7 ko = 4T £
L (lv/ 7~ 'D'Ar:/ "’91’-/7/ , keepiﬁ] firt-oroly hprv .
> o % -2 30,
L)bwfj Crom the Noy tewiam it of fhe Geadysic equakion,
ro.o * %,aabi‘ with l\oo % 28

[

S0, - dren -1 230 > P
Roa = v _(15 Q-%Gpo es

2 c2

Cosmological (onstamt

‘We com add am o\o(o(n'Hva{ wlmv\ bo the EFFE:
Rpv :'jrw R‘—/ljrw = —é’clg PRy
b N ¢ the COSmolu/-fcal congfomt
b> Lovelockys theorem shows H Hhis is the onl}, other
fonior Hhak sodibres fhe EFE jn 4ff gpocetyme.

D cam reurite es Ruv = ” c"r'-‘6 (T 'if/«vr) N Gy
“In the Mlca/‘i‘Fidal imit with (mald /\
becomes 7P = 4rGp - ,
L br o poirt My af e origia, F(i))’-f?v;o?f*ﬂfc ¥
L lineow Tepulsion meamg thot wnivone's exgomiion oectlorohing.

’

Porisony & nakion



*We an Hhink of /| ay awising €lom a umiversal neyafive

presswie jn dhe  yacuum e
b tor am iead Elwel with p. = —/,CZ/ T,,.y =Poduv o€
& mplucc Tuv = I-::-f, in the EFE amd com)ee

Leorms - Pvac c?= /lcq/cfrré
HWO'”\&SBe ot th yacumm preswe aniey Lrom He

2er0 Point endjy of quaafuen 6 oldy

Lacomic!m}y oxc.‘llwﬁ"or;— modky 1N 4 box
/‘,M ¢t = G ) fz’ffwlk)oﬁk

L |hh7m¥e wp to the Plawn ik length

2 - ~ -
w e ™ 3 Niee 107w

/Vac ¢
L vocuwm cafackieple : ~lp~¥* m2 erpe/i"\aﬁa/é Jo we
ave )0 orlers of mesnituele oft.
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gcl'\wa/ 25chi ol Sclufion

Uesa%e; spacetime in o vacwwn ounbiide o ‘V’mwd}” mehii

non-rofw‘iﬂj Magsy olibrbwdyon.
In GR, we thowld fhink of Jymm&hiu gasfivéai. S/ch‘ﬁne

pestestes o Symmebry (F 9L,(x") has He come Cumchond bim
Qs 5~‘V(-X—) woler o cosrcinode Fapimation = xt*
Write the 7Ww( |ime clewrent  with space amd Fime
&cpa/rou‘eo( (l}hf/fcfl' cum over spafial indyees =1,0,2) ¢
ols® = Goolt, B) dt® + 290i (t, P)dlbda’ + 2g: (4 ) ol oloc
L unolr 1'/’)“4%( "O/QA‘M, X =02 for am orthogonaf
Mmodrix 0. For cphevicad (ymmetry , ols' must hawe the

Sawme Eumchionaf ofpenclence on  z,x:
@ 90064',;) = 9906*1 QJ?)

O 9 (tMx' = 9:(¢,07)0 dxi
95 (4 Dede'dsi = 955 (4 02)0', 0 obe ol
L thit anidraans the form of fhe mednic.
D = % (42)= Ad,r)
@ > 90((@,3?)0{J¢£ = -B(tL,r) 2 A2
9 = 9iy (h 2w = - (b, e)(2.07) - DU v) A2
Requre +uwo adlijonal symmebries: C it e
. STLM‘.U'IW - Syrimefry woler Hime. tramsloy, ' :ﬁ;ﬁiw
L. Stehic = sfohionory aml Jymmg/w'c wlty >+ > 9;:=0



‘Rewrike i spherieal ceordinates (resebine A-6cy)
ds¥= ACt,v) ok? ~2 B4, r)diol - Clv)olr* - V(‘L‘ r)O{jLz
s> use naw voohiad ceorst 1 - Fe=00,r)
= olgts ALE, Flaf: - 28(t, 7ot folr - Ut 7)ol - {2
Ls infrodmee ¢ =£(+,7) ond remove Ak by wm/l@h@
the spuore, wing an integrodiy factor,
“Resudt 1s a olicsonal form for the [setopc lne elument
Ac2= Al ) d 6 = B4 r)ola? - ol 2
L olvop ¢ olegenclence (€ stotic.
L)Sslve for Alr), B(r) asing the [EFE whith eoluce o
Ruv =0 In o vacuum. i
. K - k|7
L gelving OFEs gives /}(r):x("’;) , Blr)=( r)
) onskamts *,K ololermined by compison with the
weak-Giolol limiF  ols* 2 (1r ?'g)o((d)? e
Ly b gives the Schwawaschild solubion :

olst= (1= )t (|- %) oy -~ L[ ez &

: SOM'IBV\ Gn‘y vakid M vacuim (e-j sutridke the ¢hw).

* Theve 1§ e coovoli novke singwloviby ot =2, buf- cunvodwe
) (&iw{wv-

s o6, mefric -5 Minkows k(. /‘hymp)‘oh‘ca@ Flof-.
« BirkhotEx theorem clodey Fhat
of EEE s e Schwavachld sol-, so must be stabic.

Ly spllC/fw//y -.(ymmefnlc Sgl.
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eodgfics i Schwowachild me

)

L= 9w 3 "%% = c(l- 2“") -(1- )- P i -rnin’6 g
L from EWlW'Lol?rMifl o + F 279 ’Jun@co.léﬁ =0 . One
Solwkion is G=T/2 | o we cam coniivhy plawas mokion.
b W ot > (- 2£) = k
L 95 2enik = p =h  lompudar momontum wmwveat)

L r , €QJ|e,r fo uJe H\e, constamnt L= l «1‘2 = cony}

2
2 i 2_ 24 _ c® madiive
(I- &) -1- g b e

* The congtant k oweie from Hme .r‘ymmeo‘ry o i related fo cuersy

Ly for am obuwver of rest  GQevlpoity (A,’“=,40Q'M, wheve A
vkermined by rormalisodion = Guyul'n” = A (1-%2)7"

L> anovgy of pontice with th-momentuns ,o'“ o meawed by ods
with 4\‘/&(&0:@ s E = j,(b},ﬂ.) = 7ooI4'Pa

Lofor o magive paticle, = kmci((-22)7% g0 pmct i #he
omegy meagured by uJ}whonafy obs as >w Weed K|

L Gr o vagllegs le-ocle E=kc¥ |- zf‘) pl/eeal K0,

- Ok thug jntoduces o correckion to the classiced erbit

N . l c2_ 61{4 "), _’2,4 ) / s .
"’?u«:;og{, i zr»(l )_ c’(l( ) ‘
(/ -
2 2 DS "\ .

L) VCFP(rJZ "M; ;{l(l M) , I\. JM):MW\ ]
L Cotrifugod bowiey 1y revesed b ‘\N_;_.__" —
= |

bvery chrong clepemolonce on | |




- This moolibied  Voge () leods to dlifferant propecties compme
to Newtonion yn.wil'y-_
L> powticles com spiad jn becomse oy contrifugad bowrier
L Gr h7 J1 pe theve ove 2 ciewlos orbila. ry Grodee)
(- (whble). The jpermoit shufle cirewlas orbit ([€0) iy
of r: 6,1A
L ool ciewlay orbits for r24m owve  bownel

For mosgess fou(hcle.l, L=0 so \Vere (r)= :[/'2‘,@), Ve

no GM ferm . Vete
L> ¢ -clkl > h ncomine o hoto ! wnitedle
&"h‘" , Meorming pro " W2 / ovbitr

owve ey fnvegt f‘il‘*’ 'ﬁ\
L e =« ‘;I\olon will °‘¢H€CI- with pricenjre I S

n
g iven by the jntexechon of E‘/;l(zkl /

with Ve (1)
L olr - ( K 2 -(1-2 )"l
compore with Newfoman fo get é‘c% , the lmf%#,wmndu
" The enggy o £ & photon Meayweol g o shutionavy obsevver
Chomges along fhe photon path, lescling 1 grawitedonal rediits.
. p}\o‘,or\ 94/'0’9] s E-= g(f/u) kcl(lflfn) P
D B 7 E” = (%uz 200
lr2 ~ Ve |-d/r; oA (p=22m

et Aa,{zc”
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OrbﬁLS

. T‘\e Skﬂlpe O( an v bﬂ- MD‘&v‘ Hlt SC‘!WMZJC ‘Illﬂ[ MO{rfL H

2
du iy -Sput =

6M/ne magive)
od*

0 (May le)

“NewwTon om boumd orbits  dgscribed by 1= 6:-41 {h-ecouﬂ), Ocee)

with M gJ-H\( forwy omd o = kl/ua(lcl)

< ln the GR case, a(gﬁne dwengionleg /(P = ém w(p)

2 M‘ U= s o0t
b o 3?":1)1 } ‘?: o osmald in the weaktiedd him it
l—aapaw\o( UD) a small x: Ul p) = |l+ecosg + x(/,m) + o(x?)
L (wh indo the orbit egum‘ian b Gind:
U, (¢) = (l*'z’el) repPsing '%e?(a_!zﬂ

. E\/aﬂ ‘Iennj ﬁf.r'Fofle n X owe qul,( fo Com be fynoreoll e‘(cepf

CePsing becamse Hhis coam  acauwmlote:

L g ~ 6 (l+ecoi¢+eo<¢un¢ 6W[l#cm_g(¢(l—x))]

L hence Hhe ofén‘ U nof clowed . @ mugt incrense §y
for r 4o cepent, 50 the orlit precesses by owngle
AP = ZIT( = -1) = 2mx per revolubion

CHP= érrGM/oL(( edcr , lugest Gr smoll ocbits with Aty h
eccm/ww@, 6R cycces Fwﬂ@ ,oreolli;f‘r the precey jen of
Mercury .



6@01/013 /i;l\/'
‘ y : 0(201 2 6 .
- The orbit of magsfess pouticls i okseribed by ‘Tz 77 2
*[n Minkowski ypacebive, M=0 o He solnbion 1y o strasyht line
with impck powswa b 1 (@) = 4 Sind
- e oln‘»mlbnleu U = b wlp)
=2 A¢‘~ +U = ﬁl/
L g= ,' smald jn the wosktiedd himil.
‘wfwd UD) i smakl £ ULP)=sing + puly) +008")
L>.(w$ indo the orbit g uodion o Giad:
U, (¢) = thfn(f#(lwgd + —Zl([*g'w:&t)
L>g-c. o0, U~ 5|'n¢

> vlgl> B r S Geup - J(1+]ep))

“ To Gind Hhe oluqed'lor\ wngle, u—0, @ = Af
> A¢ ~ Q_EM

L 'H\u J 70“(1,./.%/1\0"%( Iemlhj , whith way QIFW;‘MW“V@
veriGed by Eoldnhjlon.

Loloufle the obflection of o wagive particle unor Wewhonion
theory because l"jh/‘ i aftected by both spaceflime post of
the medric
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Black Holes

‘The Schuorechild mefric i Sin whn =0 o =2

L R=2m = -g’ i the  Schwavzschilol moiug

Lo e pl\yucq,( _;mfu,{wrdy con be jeen by Co»uwé.my
He Kihschmann Scalaw  Rpurpr 0™ oc 15

Ly Jut coonlinate sing whowity ; cwvn/-w’e i Gnite

- The Chwavzgchild moliug povhtions space b Fwo veg long

E;(»Levfw r>n Indevioy 1o
G = 5 limelike b gpacelike
e: B ar spudA'ke %t ‘l"v"‘"""‘kf

L in fhe inferior, o pavhicle comnot oy Gred ot (r,0,0)
became 1) worldline s $imelrke
Lsat r=ry  the pme anol moliad cooril appeas fo quitch roler.

Cagol shructwe_ngou black holes
* Rachad wlf 750411‘(1 n»/ufy O=ds = Cz((zzy)dfz -(I- zg‘/‘u,z
> %“- (- )"

5+ D ctzridpin /' A +C & oulgoiny in intedo,
L - D cl=-r- Zf/Jm L 'll +C € incaming in exleyior



f, ) ol
Bs ot fom fhe ockit, |/ ) gty
i+ ypan 10 hke inGarte hme
ér a Pi\ﬂon “0 reach 1
. Oulja.‘nj p hoton agpeey fo orn'yl;l%
row ) )
f‘;Z/A ' ' 5,\

. Howcvw, Hhese p‘\wom%a mly afped~ n coorchingle time. Wi
o offine 0o A ) the Lll?n\myoan 9[(/@ %‘;;:KU’ZFM) K
> %tk S rzrokd e cous
L 5o on fncowu'ry Pko{on does reach =1, 1a Gnjle A
L ag the photon  pages thiough T, &L; <0 50 #e ll}‘\/’uaeg Yeoriem }
* The el fidwie of pocticks w e exterior includes a
reajon n the intevior where  the /,ﬁ)\-}m v orienteo| fﬂwao’é
r=0 = wiwoidable thof He ponticle QUi fo the
xir\;u/a,./r'v‘y. Thid 15 o BiLack nog @
L r=r,  thas defines the evem} hovizon
L within the eveat l\an'aon, pcvh‘claf comnof ecage Do
' OMjo{nj 9600‘&,”6 in Hhe etlernor com be linked fo an
L Nkenor rejl'en ‘n Herr aowvol ,oou/» whee Hhe h;;Mcone
nwes Oriemted MW Liow -0
L)pawHC‘QJ owve GAM@{ fo P> from the inkeviov
L oo ot erit y‘,.ll'cllﬂy - o mechanim Br formadkion

(1,06, 6) oue l'n?ofﬂ] Eolehrglon-Finkel chesn  (IEF) coowolimodes -
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Massive infadlng paviicle
'S%Hnj h=0 for o mayie ‘awh"de gives z(r'z~ G—r.q:;/C*(/il-l)
b & 2 7% (ome ar Newhnivn, but wer

froper time
b it fakes fhe pavhitle Einite proper Hdine fo seach
" We can owi, the pth jn coorliate fime:
K- S (1)

2 c(-4)- —Zfﬂfrr/zﬂoc_”_z i

=3 Gom 2o

et 6ts
5/2’4 de-| W
b a(u'vevgg,; U rS 2
L o SM;OﬂMj obievev cees the poz"l‘de —
_;[ow, be,comiﬂj reolhiffed . %
=2p p
E debiglo - Finkelcbia_concds

080U nage S
We  cam change coordinakes fo avord He r=2p Sl.llyulwﬂ'/y bor
fv\(q,u,t}\g ‘,wh'ckl
cbz-r-2uln sz’,\ - + congf
> ! = cbrm lr\/g?,\ -
b ingofnj aud geodesics howe ct'=-r +eongt
L %thj null c,eoo‘u IS owe shil .(fﬂyw/am
ct's g ‘ {;"/ +con b

h coming Oudsoitg

//

r=2p r

Maj oo not cover the camsad past of the exferior (while hole)



“Use ol f! =colbe z'r,n ")-'0{4‘ fo Eird new [ine ehoment:
ds¥= c*([-2)df" - 4rcdiidr -( [+ ) dr*~ 2%l
L mekric still = Minkowski as —co
L e 32—3 /t now spacehike e‘/e/,w‘m lecowse fleve i no
s1§n chmﬂ ok =2
-We cowld infead congtruct oa/v]'oinj EF coordinates ywhich remas
the .(in7w(wf4j for ow‘ym’"j geoolegjes
“1EF oml OGEF ceorMnakes cam e combiaed o Grm Hruskal-lzekeres
coochinakes which o '\Winiwlw everywl«o/e,

'3

Formatior of black holes
- By Bickhofts Heorew, fthe extevior of a sto
s described fy the Schwawvzechild  coludion
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(d&e theve wounld be some Ve[ = nof /‘Joffa//'c/, amdl [tkewnse - We Gudhar conghain  the 7e0md-rq 53 onsuit) homegoneity of the
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xt() = (H),X(3), 64, br)
L p/\m‘wu 4 momesgum s ol (¢,%,0,0) .
L enegy Meagmed by oby Gramafﬂ/ wil, uﬂsz,f) |
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