
 

Galactic Dynamics
Globular clusters are smooth round

groups of stars within a galaxy
We are interested in finding the
mass density pad

measure surface brightness petrol
use MIL relationship to find surface mass density ECE
assume spherical symmetry to find ele

There are several important radii to describe galaxies
core radius Rc over which p constant
median radius Rn containing half the light GD
tidal radius Rt for which µ O

For a collision to occur there will be one 5
star in the collision volume it l2R T v tou I I
ie star density no TC2R P vk.li

Icollision time is then tou auR.tv no
sufficiently low that we can assume globularclusters
are collisionless

Open clusters contain fewer younger stars and are

much smaller than globularclusters
Galaxies themselves form clusters

Orbits

The goal is to find a selfconsistentpotential plEl
implied by the orbits shouldgive rise to 0 that causes
the observed orbits
if we have many objects 01 is approx smooth
we can average over the orbits and treat both
p and 10 as having spatial dependence only

The gravitational force per unit mass is IF I
I 00 0 fifer for a mass at E

NII E ME mo lo
I E x mis E I

The total energy is constant for a given orbit
T tzmr.ie I E I mi 00
but of Cri E e 00 by the chain rule

T moi
It t t m 0CA o

E Im E ri t m CriTmr
Further for a central force field angularmomentum

is a constant vector so the plane of orbit doesn'tchange
I Ex E motor Ex I Q
this reduces orbital problems to 20
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Consider thedynamics in plane polars y EO Er
for general motion r and 0 are
changing with 0 hence so are

Er and er I
but the unit vectors can only change orthogonal tothemselves

Erdal

Jiffy
THEO dei rd Eo7

deep doter

the velocity can be derived directly bygeometry
rEr to Io If rd 0Eat dreier
if inert role

radial tangential
Acceleration in planepolars is givenby

I I rot2 E t Ciro trifler r

the radial term includescentrifugal force
the transverse term In data anwww.imfmmenatgsm per

To find the path of the orbit we need to remove t then
find r

Jim h rid and let u In
ri twin tuff if hotdog ri hindu

dp

we can then rewrite the radial equation of motion
fr ri r 2

h day tu h u
4

the orbit equation
dd tu

u
Eff in a spherical potent

fr is a function of u so we are done

Keplerorbits
The solution to the orbit equation is

t t tecos cf Oo

L 16M e and L are integration constants
If e 4 r is bounded and the path is an ellipse

Za
Ee r Ee

Ie t Ee za t.ae

L a Cl ez
44 et 4CItd

a is the semimajor axis e I E
ht GM au e 2 a

the energy per unit mass is E Ii't'zr20 F
and can be evaluated anywhere since it is constant
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at the periapsis in 0 IT E EL
Kepler's laws can be deduced
1 Orbits are ellipses with the Sun at a focus
2 Planets sweepequal areas in equal to me

datt RIO hz const for central forces

3 T da Eff hz TEELA Zita
h

c T Zita affez
Fey

2hr236M 11

Unbound orbits2

If e I the orbit is unbound i e E o

The angles Ocs s t r as are given by
cos is Ye
if e 1 Is Lolo LT i orbit is a hyperbola
if e I Ola It c orbit is a parabola

As r o E IM
Yr L tecos th r es in 00

in ef sin 0 using hard
so E El et D as r o

If at some point to the particle has velocity
Yo such that I fo't Ceo 0 the particle
is able to escape to infinity
the escape velocity is then Vesa 20Gt

Binarystarsystemim
with 2 masses 0 is no longerfixed at the origin

re GMi G Mz
Fra IE El

let d a a

Miri GMia I Miri 6M74di
it in ii Gemalto

equivalent to if we had point mass MitMz at origin
which we know produces elliptical orbits

T 2 imya is max separation

We choose a frame where the com is stationary
Ecm O Icm o D mMmzd E mM

mit
I Miri xii MIM did pub

MitMz Areducedmass

Robert Andrew Martin 2021



moregeneral thanspherical

6eneralorbitsunderradialforceddhyo.tnFe fr daff n'daft

There are unbound orbits with Mcs for 0 On
For boundorbits r oscillates between finite limits

DII tu the dhoti O x da
d 0

Lod'schaff In't Enz o

c I Ff t I n't Ip const Fz
dimensional
analysis

E hydff t hat II Cr

E Iz r't f r 0 2 t Ecr

F EM t En t ICA
the apsides are found by dado O or F O

E that I F VEII C quadratic
UF th UE tr r Cra WLO G
r is the pericentre rz is the apocentre

The radial period Tr is the time for rn r R

i 2CE oIhfT

dr
F fat yr Harder z fr

precession
run

The orbit may have azimuthal motion This can be
found by seeing how 0 changes during a period

o DO 2fr dffydtardr 2hfrprazdffe.hr
0072 it in one period so there is a mismatch between

the radial period and azimuthalperiod time to go round
define the mean angular velocity as I 0011T and
the mean azimuthalperiod Top

2 2 Tr

if
0

is irrational the orbit is not closed1periodic
for a Keplerian orbit 00 2 IT Tr TO

In one radial period the apocentre advances by angle
00 2 it so the major axis rotates at the mean precession rate

Ip 00 21T
TT

precession is in a sense opposite to the rotation of the star
no precession for Keplerian orbits
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Poisson's Equation

Relates ple to OIG OICH ffg 6km1deII I'I
029Gt 6155peril04 de

but 04 rid 4 SCI E't Toilet 4 Gpcr

If we integrate over any volume V containing a mass M
we get Gauss Theorem f 00 Ids 4 it GM

In spherical systems 0210 r drawer0
finding I from p is just a matter of solving the
differential equation with appropriate 8 Cs
Newton's gravity is linear so we can construct systems
by superposition e.g shell sphere I sphere 2

inside a shell I const Outside a shell we have

to GMshetyr pointparticle
arbitrary spherical density dists can be analysed
by integrating many shells

OICr 4 it 6 IforrepCrider tffripaldr
Io omen OI GIL const

r

Galaxy profilesv

Assume a galaxy has a spherical luminosity density

j r jo Clt Ep 312

ththeontinitieceptiiniteness Inettengroiation
of

ICH 255J Hdz r pizz
2JofC Cathal de

22joftp.ffy fzy3lz with Y tape
i ICA Ita modified HubbleprofileI tRYq2
this is a good fit for elliptical galaxies so our

initial guess for luminosity density is reasonable
assume density luminosity port Po Healy

Z

OI could be calid from Poisson but this density profile
leads to diverging mass

A power law density profile pcrtpol.TV explains
more observations but also has infinite mass
In fact it is possible to de project the projected
density to a spherically symmetric 3D density

as above projected from actualdensity given by

ILM 25 jlztdz zffjcrlrdrr.ro
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can be inverted to give jerk rdf ICNRdR_
Can Abd Integral equation Fr

Nearlycircularorbitum
For a circular orbit F R const Oi R const
E r02 doff Rez DIE

D 3 and T2 AFPGM
For a near circular orbit r Rt ECH Ece R and
O Rtu CH w Le r
h R R must be the same Expand to first order
fer R2Rt2RertRw Rw Zen
E r02 f r I Rt e shew f Rte

E t 31 f CRI E o

this is SHM provided 31 fyrd o or equivalently
n 3 it f R L R n

theparticle that has radial oscillation at the
epicyclic frequency KERRE 3h2 f Cr
equivalent to an ellipse precessing al rate rep r Rr

Nearcircular orbits in Axisymmetric potentials I
murmur

Real density distributions are more often axidymmetric us spherical
we use cylindrical coordinates p p Riz E EtCR H
E C II o 3

ri Roja 2ft R20 Lz const I 2
22

we can remove the term and write the equations in terms
of Ieee reducing to a 20 problem
ji ZoIeffyzr Ieee OI t 212

I 20Ieff zz
For a system with plane symmetry R H ICR z we can

find near circular orbits E O R Rc const O D const

if o 2Itor 44N I I 2072k there
for small deviations R Rct x E Z X Z CcRc
we Taylorexpand noting that at 2 2 0 we have
aEeeyzz 0 and 42R

of Icrc oIeee Rct x Otz Ieee Rc 0 t

1 2 2 220IeffFez Rc 0

ji 20
24 ji 2 42 x 220Ieff 2RzIcrc o

I 20Ieceyzz z
2201 4222 µ o

we can rewrite this as 2 Smmequations with an

epicyclic frequency and vertical frequency
I rise K2 EOINIcr o t 4
I V z VZ 2210

Tzu Icrc0
Hence there is both radial precession at hp R K and
nodal precession at Rz D V node

nodes are the points at which f u

the orbit crosses z o upwards

Robert Andrew Martin 2021



Axisymmetric Potentials
spherical
Coords

Axisymmetric I ECr o f
In the vacuum 0201 0 If we assume a separable form

I Rcr 0101 we get

trdulridth testingdaolsinodff so

Ipfw ridden n htt
Legendre's

ftp.ff pr4ddIuJtnCntDO O Macao Equation

The radial solution is RCN Ar t Iti while the
angularequation is solved by Legendre polynomials PnCod
pock l P Csc k RCH 3 2 1

ti Ant H Intl x Rn x nDn i a

Prix is oscillatory and forms an orthogonal complete set
If Pnbc Pm a dx Int Snm

can generate with the Rodrigues formula Pinkel zntni.ddfnl.GE In
Outside an axisymmetric body RCN Inti For objects
symmetric in 0 1172 E o the odd Pnbc disappear

Elr A E.oomrPEI.EE 6FtpItl3cos2o i1t rIP4kosot
for near spherical bodies these J terms are perturbations

We can sometimes find coefficients An and On by
writing an expression for OI somewhere easy leg on axis
e.g for a ring of matter I G I 6M Ca2tz4 2 We

can expand in small z then match terms
gives oI r z z GIA I Ia C22 2R2 t I
this potential can be applied to the Earth Moon system
treating the solar potential as ring like

Axisymmetricpotentialsinmunneylindicdeoorantes
Consider a thin disk of mass in cylindrical coordinates and seek
separable solutions to Poisson's eq ECR e JIN 2 z
ditz K Z O 2 z AekZ Be KZ For finite
potentials 2CH Ae KEI

theradial equation is solved with a Bessell function

InIr Roldan t KTLA 0 IN Jo KR Yo KR

equivalent of SHM in cylindrical cards
In Ce k Z Jo KR Yo diverges at A o

thegeneral solution is ICR fo fate JockR dk
where FCK is determined by the mass distribution
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Bessel functions of the firstsecond kind
Jv Ks and Yu Ks solvethe ODE

Ida6 day K2 E y o f
Jv 01 0 except for Jo o I

Yr o as for all v
solutions are oscillatory like sin and cos

Modified Besselfunctions have k2y instead of Kay
Idabad K2 y Ilks killed
solutions are like cosh andsinh

Iv Kv

Byanalogy to Fourier transforms we have Hankel transforms
with J Y as the basis

g k fo g r Jr Kr rdr

g r Job 5th Jv Kr Kdk inverse

To find the weighting function we can construct a Gaussian

surface Jv4H6pdV Iv 0201DV foot ride
4 GECn FETE
E R fit off FCK JockR Kdk inverse

f k 21TGfo'sECR Jo KR RDR Hankel

The circular velocity in the plane is Vill 2
p z o

cCxmJmCxD xmJmclod

Vip f fck T.HR kdK
En

e g Mestdoisk ECN EEO
M LR for2ITECRYR'dR 2tEo RoR n

ffkk LHGE.RO obJoCkR dR
ECR 21 211 6 E Rofo e k

Z JoCk da

Vc 21T GEORoSPJ KR d K 2t6EoRo const

Vick Gmt same assphere

Oort constants sun ymum D
We model the Milky way as having T d rotation

III innit Ities Ii L ror
the earth is Vr Vasa rosinl d

geometry gives Vr fr tf Rosin Galactic centre V

fornearby stars Ro R dcost

expanding In about Ro we get Vn Rodan L lrodsinlcost
Vr Adsin2l

Robert Andrew Martin 2021



Quotient

A is the Oortconstant EdarthHr Ero dahIr
A can bedeterminedexperimentally by measuring as a

function of L
The tangential velocity seen from earth is V vsin x Vocost

geometrygives u E Ero R cost Ed
Roddy Ir d cosy Ed

define Vt d Acos24 t 8 8 t Voa t dataIpo

Oort constants A B can be written in terms of R
A measures the shear deviation from rigid body

A Edan Ir Ip A Ro darnIno

B measures the vorticity tendency of material to circulate due
to differential rotation 8 C r t Rodden Ipo

ro Iro A B FrIr CA to
The epicyclic frequency is givenby KER damn t 4h

ko FLAG
We can find the frequencies by comparing
the observed velocities with the relative velocities 1,0
assuming circular motion

E R Rg x t Xcostk t tx X

Hoi HR 0 074ro

The Rotation Curve of our Galaxywww

Neutral H has a 21cm line corresponding to parallelspins
becoming antiparallel lowprobability
we can measure Doppler shifts to get the lineofsight velocity
for various longitudes l plotting vi s against L gives the rotation came
Assuming that RCR In decreases monotonically starsnearcentre

the fastest gas for a given l will bethe
gas moving in the smallest circle to IR RosinL O withinsolarradius

v N Vrcmax trosinl
hence therotation curve is bounded by asine curve

For spiral galaxies symmetric potential the circular velocity
VIM is a goodmeasure of the containedmass MCCRI

R

frequently used spectral lines are
HI radio for neutral gas over large range of radii
Ha optical for warm gas in inner regions
CO mm for themost inner regions

Difficulties in determining rotation curves
team smearing points have data from a range of radii so we
must deconvolve

Intrinsic absorption 1 finitethickness
spiral arms are non axisymmetric
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Collisionless Systems
Gravity is a long range force Because of the an
inverse square law a distant shell of the

same thickness has the same force contrib equal contributions

Unlike a gas
Because of the distance between stars they almostneverphysically collide
A collisionless system is one in which it is a good approx to
smoothstars into a mean density F to orbits

Relaxationtime
The validity of the collisionless approx can be tested bycomparing
a star's path under a smooth mass dist vs the realpathwithpointstars
The impulse approximation gives the vertical velocity m

h f 6
change as a result of interaction

Fy 784312 x vt M u

Ory ff FyCHdt offfullItsy ds
s Tana Dry Fi

The total number of such interactions is the edb

surface density the area of band db
Sn µ 2itbdb where R is the size
of the system leg galaxy N is num stars

by symmetry the velocity interactionscancel so 84 0 but due to

the total change in VI is out Jatin 8N ET ft
l perhemin is the expected closest approach Ffp f ITbmin I crossing

veryapproi

Out 8N Eff 1nA 1 46min after a crossing

Collisionless approx valid when 041v 41 can be shown
that this holds for bmin
The relaxation time is the time over which interactions erase

memory of the star's initial motion i e collisionless approx fails
Nrelax DVI v2 for memory loss

v GIF circular nrelax 87nA 8ThN
trelax nrelax x Kross nrelax F
collisionless systems have ta trelax True for galaxies
but not globular clusters Chencespherical

Gravitationaldraign

The impulse approx assumes only a vertical impulse but in reality
both Vt and Vi change dynamical friction y
Consider the com frame of a large mass oars
moving atspeed u past smaller masses m MB0

pthe deflection can be treated as a Keplerian c
deflectedmasses

hyperbolic orbit of m about M accumulate th

b I Coos ol ol Entry

PM M

M
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theangle loo ofclosest approach can be found by considering
O Cie r o dart 7 v v Cr IosinCO Oo

v CousinC do
r soo O CeosOlot Ffr tando whom

the deflection angle 00 20 IT

tan E Em
bi

Oo I if be Eff
To estimate drag assume all stars within cylinder
lose their momentum Mdaf Http v.v

da tip Ivf dynamical 024
friction P

this assumes v much greater than thevelocity dispersion
of particles in the background
Ffric L M so Wake mass a M

F X tu so drag more relevant for slower bodies

The Collisionless Boltzmann equationwww

Model a system with N particles of mass m N large
moving under a smooth potential OICscH
Consider the prob of finding a star at a particular point in space
with a particular velocity i e located in 60 phasespace
the full state of the system is specified by the
distribution function Cie Port fCE k t
f FCK e Hd3 d3y N or can normalise to D

Phase space coordinates can be written as w_Else e Cw Wz ws

thevelocity of phasespace flow is ie EI ie Ck POI

any flow must conserve the number of stars or probability

continuity in RP If t 0 pe 0

continuity in phasespace Ift t Te fire O

OwiCf ie Iii ivi II t f EL
but Fwiw 0 because Ici Vi indef of Xi and
Ji 20112C indep of Vi

EI t Eiii II o Toothenaiheotshften

can separate out of and I terms to give the
collisionless Boltzmann equation CBE

Ift t k Pf POI Qf O

Define Eft FI t wi IE Cui th sum so COE is off 0
this is known as Liouville's theorem
i e phase space flow is incompressible phasespacedensity conserved
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Because stars are born and die phasespace density
is not actually conserved Eff 8CE e H OCE e t
where 8 0 are birth death rates
acceptable to use CBE when the trac change in num

stars per crossing timeis small y I f Across 4

In reality we don't know the distr function f
the nun density of stars at location I can be found
by integrating out velocities Ux SHE e d've
the pdf of stellar velocities at is Accel HIEI
we can only measure Vi to our line of sight Va E E
and tangential positions Et E og E

The Jeans Equationswww

Hard to solve the CBE We can getuseful results by finding
moments of the CPE integrating overvelocities giving theJeans equation
Zeroth momentreturns the continuity equation

If I fd3y t J vi E d e 22 f Ff de 0

ZI i e time derivative of number density

JZ wit d3y Zx Jvif d3I fog v Ji
2 If 8 0 since f 70 as II

Numberdensity

ZI tFei cuVi o conserved

First moment gives a fluid equation
Fzfftvjd3ytfviytzta.de 22 fvjffy.de 0

It VI
Foci V VII where Viv L fviVjfd3y
fvj 13 for I fi v

combine terms and subtract Jj zeroth order Jeans

VII VI Ix Int t Zog wig VII
define the covariance rip F Cui vi Y VII Vig vig
v II nui 255 VII Exilurii
similar to the fluid equation
p II te ly f a ppE Op

Gif acts like a stress tensor symmetric so can bediagonalised
withprinciple components definining a velocity ellipsoid
The Jeans equations are underdetermined 9 unknowns
3 for E and 6 for ap but only 4 equations

To proceed make simplifying assumptions
steady state It _o
isotropic oi crisis root Kurt
non rotating
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If we know v r p r mv r find OI from Poisson

solve for 04h using Jeans
so assuming isotropy thedensity dist gives a consistentmodel

for the velocity structure of the system

For axisymmetric systems use cylindrical polars with 920 0

COE becomes

II the ftp.tvzffz t E 2
Eun finteffo FEEL

can take moments as before eg 0th moment Jeans eg
Iv I 2
It t R Jr Rr Tn t Iz WI o

the axisymmetric Jeanseqs explain several galacticphenomena

Asymmetric drift
Tsfffsofradius tend to lag behind

myi e voi c v on average

lag increases with stellar age suggesting it is s
O

a phenomenon thataccumulates over time VO K

This happens because stars are moving on epicycles Trg nowith guiding centres at R Rg Let To VolVc
stars with RgLRo have lessangularmomentum c

T Rgcr
so have a lag To Lo

because surface density declines exponentially there are more

stars with Rg LRO explaining the skew to To co
also velocity dispersion declines with R so for Rg LRo there

are more epicycles that intersect R Ro
Let Va Vc to be the overall asymmetric drift We
can get an expression using the axisymmetric Jeans eg

stuff HWI Huggett v VIII 2ft o
ZR

steady state Etc I o

assume planarsymmetry and that the sun is on the equatorial
plane 7 0 2 2 0

define oof VOI GIT and simplify terms ignoring
Vaz terms small compared to Vd
result is Stromberg's asymmetric drift equation

va E.fi I E Eu z

all these terms are now observable Va VI 82 I 6 Kms1

The increasing velocity dispersion over time suggests that something
is heating the galactic disk
Massive Compact Halo Object MACHO originally theorised
but no longer considered would lead to greater heating than observed
mostlikely a result of galaxy'sevolution i e increased infall of
stars into the galaxy at earlytimes increasing or for olderstars
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Galactic mass profilemum

The mass density in the solar neighbourhood can be
estimated from the cylindrical Jeans equation

haryIve HIEI VIE T.dz tIoe

density falls off much faster vertically so neglect 3R term
tr Zzcruet EEO Z

compare with Poisson's ea approx'd for thin disk
41TGp Zz IrZzCr VI 4 Gp

hence if we had an estimate of V Cdoes not have to be
for all stars can be e g G stars and TI we could
estimate P

This technique gives a noisy estimate because we have to
differentiate noisy data twice
instead we can integrate to find Elz instead

z LEpdz z G Zz VEE
moreaccurate because only one derivative
dark matter is needed to explain discrepancies between
predicted observed ECH

For a spherical system e.g galactic halo we can derive
a Jeans equation f d q 2Bq DII YI
B is the velocityanisotropy param B I

o I

given the radial velocity dispersion car stellar density p and
Bcr we can uniquely determine the mass profile
can rewrite as Mcr dahir dinar 2BCr

The Virial Theoremwww

We can integrate the CBE via ft Ha d E to get a
tensor relation
use the Chandrasekhar PE tensor Wjr fpcklxjtffa.de
the KE tensor is Kjv E fputrid E which is the sum

of ordered motion and random motion

K h Tjk tMjk T.gr I SpVIVI I3 E M h E IpoEd
the moment of inertia tensor Isu SpxscudsE
combine to give the tensor virial theorem

diff 2T at Mjk t Wjk

The tensor virial theorem applies also to self gravitating
collisional systems in the steady state we can use the
scalar virial theorem 2kt W O K trace t t trace II
In a stellar system k Mcv's v2 1h1m off
this gives a simple equation for mass but sadly 44 ng
are not readily observable
we only have line ofsightvelocity dispersion Luis
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Jeans Theorem
The steadystate CBE is y Of 0OI FI 0 describing

continuity in phase space Orbits are paths in phase space NH VCH
A constant of motion is a function of ECH vCH E that is
constant along any orbit CLECH vLtd t Eltz IH h

initial conditions are constants of motion
e g se ut t ko CC x H t Eu is a constant of
motion

An integral of motion is a function of phasespacecoording
that is constant along any orbit 9

NO TIME
stronger condition than constant of motion
isolating integrals of motion reduce the dimensionality of the
orbit constraining 60phasespace to a 50manifold
energy and angular momentum are both isolating
integrals of motion satisfy dat Il ICH IH o

deaf OI dIat t 3 day o

v OI VOI IE o steadystate CEE

Jeans theorem
it Any steady state solution of the CBE depends on I I only
through integrals of motion
it Any function of integrals of motion is a solution of
the steady state CBE

Proof of Jeans theorem

i if f is a S S solution of CBE Iet 0 by def So
f is an integral of motion only depends on otherintegrals

ii dat f Ii Is In EmZmd O

Selfconsistentmodetm
Jeans theorem f E f Iv't Ibd is a solution of the CBE

assuming all stars have mass in

0201 4it Gp 4 ItComffCE d y for a selfconsistent model
i e f E is a result of Icsd but OIGI due to ECE

Change to relative coordinates tosimplify notation
I I too E Et Io I I v
choose OIo such that f O for E 0 f 0 for EEO
0201 4 Gp

For a spherically symmetric system we can get It from FCE
trader ridin 4 GMS fCE d3e 446m10 feel 4rad

f 70 only if E VI Iv o

DE vdv tradalr DII 16 26m10 ECE de
To get f E from density
V VI rt ft d3e 4 it fifty Ivy du 4 HE f d de

dare to give an Abd integral equation with solution
fCE trip dae fo detrude
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integration by partsgives Eddington's formula

Het tail ICE.IE tteldIahI o
Harmonic potentialmmmm

Inside a constant sphere the potential is harmonic
OI Gpo r2 3rd Iz Wo Getty t za t C

In 10 this simplifies to
Sc two'x E v2 wow pack 71 const

Harmonic potentials give ellipses in phase space
semimajor related to energy x

ECE determines howmany phasespaceorbits
of a given amplitude there are

for a self consistent system need feet to giveconstant p up
to Xo radius of sphere P 0 outside

In relative coordinates I C wow E C I wow tu
at x x E O o C I woko
so I twoKoco sa E I I v

plod fo He dv f E du

find f thatgivesconstant p by guessing In this case f te

Power law distribution functionsmurmur

f F E
Z

E o
conft O E E O

As before goal is get PCI
NICA from Poisson par

p r fffCE 4 Adv 4 FIFI VI Iv urdu
can parameterise VENI CofE so that 0 30 gives VIET
D In gives O Grp Nn E F
this gives p Crl Cn In Cn r nti

Sub into Poisson's equation fr daffdat 4 Gcn II
rescale for convenience

S r4t6Cn4oT Y Ito
gives the Lane Emden equation also used in stars

jedas 5 day In 4 0 has analytic
solutions for

O NEO n o l 5
r o he Io 5 0 4 1
duIr o o no grow force dats1 0 0

need n 42 to avoid poles of Nn 427 in Cn
for n 5 this is solvedby the Plummer potential loft
Y It say 2

The Plummerpotential results in p G Is 4 loss
Itfsyth
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Density in the Plummerpotential extends to infinity but

the mass is finite
good model for globularclusters and dwarfspheroidalgalaxies
not good for elliptical galaxies drops off too fast

To account for dark matter we may consider
togptwo power law density models where

Po
P r flagx Itrap a eg x L P 4 log n

lsothermalsphevem
we.com model a galaxy as an isothermalsphere i e

thevelocity dispersion 04h is constant
We use a Maxwellian distribution function
const ftp.foy exp fIHI
plrf fffw.lt v2dv PiexP IN fusing Icpsub into Poisson tudaffdamp 4

p

one solution is the singular isothermal sphere perk re

singular because p is as r o Also has infinite mass as

r 70 which is clearly unrealistic
Corresponds to a surface density Eckk En and a
potential r 202In rtc

we can instead sobre Poisson's eq with a OC VITconst as
r o cand DII o to avoid a singularity
this must besolved numerically
for large r p a r 2 so the mass
still diverges Las does vest
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Star Clusters
Globular clusters are near spherical groups of stars as

old as their galaxy
there are 102 103 globularclusters in a galaxy

king Modelswww

The isothermal sphere is a reasonable model at small radiibut overestimates

density at large radii weakly bound stars tend to escape
We can truncate the Gaussian to give the king models

fl E A 25025 6 2
1 E o

O E EOI

Density and potential found with the usualprocedure

PCI font fld 4Thdu da r DII 4 GrpCI
solve numerically 2 free params o El Cr o
as rt from 0 YINd because DII CO
as I 0 the range CQEE shrinks so p 20 at the

tidal radius rt
There is finite mass within thetidal radius so I Crtk 6M

OILof Icra VICO I Etconst Molter
results in family ofmodels parameterised by Italo Ico
alternatively can use the concentration logto

YET5 logo Ero ro syro

Anisotropicvelocitydistributionunum

Thus far we have usedenergy as an integral of motion
Todescribesystems with anisotropic velocity distributions we must use
angularmomentum L r Vo tu 2 r v I i
distribution function f HE t Vo voi Vr

we can modify isothermal models using E E Eri where

ra is some scaleradius

voi op SSSIs VOICE 4durduadvo

wa
SSS8 ECE4dvrduoduo

Turn Fryra
this model is isotropic at small radii but anisotropic for A s ra

king models can be generalised to give Michie models

fm E L pi 2504 expC Eaa e d D E o

O E o_OI

transition from isotropy anisotropy at r ra
realclusters showsimilar behaviour due to collisional effects

Clusterevolutionm

Modelling collisional effects in clusters requires computationalmethods
The Fokker Planck equation relaxes the CBE to account for
changes in phasespace density due to interactions
diet O Eat Mf where RCA is the probability of
scattering in phase space fast buthardto find ME
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Alternatively we can directly simulate N bodysystems
can include all kinds of phenomena e.gstellarevolution binaries etc
problem is computational complexity OCN2 to calculateforces

in each timestep
make progress with fastcomputers GPUs and numerical approxes
For open clusters and the cores of globular clusters the
relaxation time 4 age so we must considerstellar encounters

Effects ofstellarencountershmmmm

1 Relaxation increase in entropy by energy transfer
transfer from Chot cold where hot means high vetdispersion
core losesenergy to halo so it must contract By the virial fhm
MUD Gtf so Rt Luis T

core gets hotter as it losesenergy negativeheatcapacitym
no equilibrium corecontinues to get hotter1denser

82 Stellarescape cluster evaporation because finite Vesc

ve 4 e 2 ICE
vest tmfpcrlve.ECride Z SpCri ICI deM

energytoassemble4Th where R is the selfenergy massesput
by thevirialthin 1 2 T Mcv vest 402
e is the fraction of particles with Unms Vesa 40 2 for M B

evaporation removes new stars on timescale trelax
If End Frap temp E trelax 10 trelax

3 Core collapse

escaping stars just escape so cluster evolves at constantenergy
E KGMYR Ram p d Fa LM 5

Hence

as mass is lost R O and p as

because of the negative heat capacity of the core there
is a runaway gravothermal catastrophe Gorecollapse
in reality as pT binaries form heat source
k t Kathy Kb tEb Kj EbLO Kb't KI KitkatKs

4 Mass segregation stars have different masses and segregate
stars will have some ang KE so WD x m I

heavierstars sink to centre lighterstars halo

5 Tidalstripping clusterstars captured by the galaxy
the tidal force is

ft Gtfo frp 26th r Ro

galaxyat thetidal radius ft is balanced by attraction cluster

to thecluster rt Iho Ro
6 Binary encounters

forsoft wide binaries star 3 is likely travelling fasterso transfers
energy to the binary soft binaries get softer dissolving when Esso
hard binaries cause strong focussing of 3 An unstable triple
forms eventually ejecting a star Ebd so hard binariesgetharder
Heggie's law soft softer hard harder
canextract up to GEL from a binary only 400needed todisruptcluster
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7 Binary formation inelastic collisions

dynamical capture results from the interaction of 3 stars in a

a region EL IO au rare

tidal capture is when two passingstars creates tides in others envelopes
dissipating energy This may result in Eco capture

8 Other processes e g stellar evolution mass lossdue to
stellar winds
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