(wontum P '\ysics

* The pb#oaleclnc eflect rovenls the ?uam‘um natwe of | gh:
Ly the wowe -H\eog 'redn‘cb H\w{' He &@f?y of 3(6{:"/%,(
Aegends on light intensty
bt T |‘V\4ens|'#y qp‘uqlly esuhted in more electyony
with the samie enevpy. Enefyj only o(a/endtid on ﬁeg.
L> the EM el s quamtied info photons with £ few
A black boob, cam be moollled o cavidy which supports
o Number of model sor ynit volume . The onevyy o@%i#y
Y gien by He Igayle{fh-ﬁ”wu Law:
2(D,T)ok 'z e kT 7
‘ap(ﬂ,T) =67 s AD0. This emoneong p(eata'ch'vn
is the wltrawolel cofastrophe
D Planck colued Hhis by quantining Hhe enerzy mooles
: Clmfc&w/ , CLccdzlwl'My cl«a./}&/ r«o‘A‘a}e Wyy, 50 ehachrony
Showld J’H"Ov{ indo Hhe  nuclew.
> Bohy fYOfDJeo( —H\OJ- He orbits cirewmteronce vwuik be
om {M—eye/ n(mb&* of ole. 9(0‘7"6 wawe(ap-ﬂq; 2’l7‘r:\:r\7'
Ly hence Hhe cm;ula/ momentwm s q wom Hed: L=nh
B orbrks howe specific enevgies ot ,",z, e;/lcu‘n@ ,c/edm
- Eleckfons bred of o m‘ckd cryhd were Shown s olitbract
Langles agree with the de brylic hyotteris , e o=tk

- For o nopreladividic pwh'de, E="f 2/Zm = |w= skt

Robert Andrew Martin

\A/owe Cw/\d'; ons

<A mabler wawe i deceribed by [V (£, 8) = Aepli(pr-£)

L fhe ,orabwéi/ify a@n.n'/-y of a yavhele erl'f/r'nf Somenh eve
whon obievved ¢ Plx t) = [ V(4]

L> Mo wawe Cuackion evolvec ook emin/:ﬁ‘ica,@ will  obyervadiv n

b the wanevecko! omd Freg
womenfum and entnyy muit be kvorn  ( pesition unbnann).

b /‘II/ 1S th{iw/@ complex. s

must be khau/q, f-e lmea

Lj-e liu%/wm wowes owe disfersive
5w omd K comot be choton Moé/mbn/ly.

Localiation

- If we have oy know‘ﬁo(f of position, fhen a p)me wak s

I'MO‘&(IMH becwse i} cannof be normadied. We peed fo
lpcaive the wavebunction by iting |Y(r, {20 a5 (|26
L fhe reyion of [pcodisation Mmay chamye with fime.

“We com condruct o localysed woavebumction with o wa}é:‘d

lieaw combinchion of plame wones wih ditdoont wamedon

Ot = [ gtie ™k

LI we conidly E=0 we can iﬁnare w (a Eunchon of k)



L hence Y(x) omd fi(k) form q Fowvies par
P Tgk) - L (P el

2 50k) 1§ the omentim woeunclion aud fully oescnbes
the hade-  [9C|" ig fhe pdf for mamenfum.

* Hepce lAnow,ea‘?e of porttion 4 relofed o ipouledye of monentm.
b thi cam pe Zqomﬁ(fev( W lmparlly o bamgian monmanitam
wavebuwclion, féf)i’edm"t/}iﬂf u,nwv/'m'f lz(rww/cd;e of P

gCk) - (%f) t ook

L hence ™M(x,0) con be found y1th Hhe inverse Ifr
g - _x2 e wonel
M) = (,—F'az) 6'k°x@ a2 Mogh o ket
>(9y 6auss jon.
— Y

0.01 ; 0.1

0.008 . 0.05

< 0.006
>

0.004

0.002

0 . i -0.1 . . .

-5 0 5 -5 0 5
Wavevector (k) Position (x)

12
X 0
=

-0.05

Ls s 9([,0 widons  (smaller 0‘7/ qf'&) norfows .
b ¢ine 3Ck) cannet 9ofoi/¥7nl4y, s connot pe measwes /rad?é‘

- The I.mpliej H«e uMcuhA}l@ p/lhc:ple. For a 6 augsion m/oétc/ef-
it com be shown Hat Hoc= ?f /L"I/:af 2 dxop = g

z J= 2

L for 39«1%1 wowefumcfions, bxﬂo”)/é

L> the Gandsian pave /uckd' has  pajaimum Mcﬁd‘u{n{y

b n3z 0, cach dimeysion has i own Mce/fw'ﬂ‘@ reledhon,
i< or’rho]onal 7MMJ(H€J can  be mayuel //ecide(y.

ime evolufion of wove packets
- for o wowebumnchion thek s hishly falied
iy
in Kspwe, we ow pe o Eirstooly,
appfon b the digpedsion velnkion fo
uwdustand — propagadion
2 I?lf' K:ko fgk
D V)= e[ gehle™ ik e
. w « i &‘ X -
- el ] e 8 Bl

cawief —e/./wdlo/ €

bw(k)zw([{o) vl ik D Lo = \/ja[k
" ’\‘I/(I/f); eiKoCX'\/,O{" F(ﬂ-vjé>

Dispersion Relationship

. ll’l I@,q‘,{*y p ‘H\Q cw»/mlw@ of the daf,(fem'av’) /e[aHan owy ﬂf

wosepackel's spectial amge way que the wone 4o spred ouk

for o Gouss(om wou/e,ﬂcﬁ(el' wiFh onstomt :/ecw Lwme Fion -

9“‘\) - (__ﬁ)‘/q e-a(k'ko])“/z
L e o 7@014"4;6 prox fo Hhe dipeaion relabion .
wlkY ~ a, + Tk (K +;gk\2

™



=) I/U((I/%”z:[ fz)w : P '(”t-ﬂk"{'/m)l 5

4 (Q}Lr *W/jm) 12 (a* + 52 tmiq2
\/\/\/
normoliied Gr all Hme e ’za,iz

L the contre of Hhe gucket (of x= kotlm) trouels af Vs
L the Spreoci o the packel increcses with fime.
D we can qlz‘ema/i«eé olevive the S //eqoh‘nj uﬂ'nj the
umfm‘nﬁ, F,/inciple ;
x(Hs x kvt . @)= (Bxt+ GvE)®
D P =Ox0) (htompxo)

M@m(’//b} fadion

' Rather than s g 90‘), we com wrife Wy#«inj move Aegantly
'n e oF momeptumn  divec H

/\y&/f): j_'z" f-: ?(Me..(kxwdk

" ooy ek
S M= ﬁ”kﬁ Cb((,%)e"fx/ho(k
ok | 01+ (2 e,
 Thus fhe womentum vegr 1i the T of Hhe postlion .
- This hids 4he com‘oh‘cah‘om aniiny Gom e oligedivn ehtion
* Foch fefreJemh}l'om cowfies comg lefe intormation about the stbe

Robert Andrew Martin

gc}\rﬁo(a'ng&f\s Equq,lion

for o yaum/ wavefunction Y ;é“[: gLkle ilmw{/al/(/
Ml‘nj pw/ww dwivadives results in o wowe equ sflon.
. Sc‘wb'oUﬂya‘J etlum‘im: it ?5‘1 - -2/{:; \7?1/ VA Y

 Thy @an be Mkrpf%( in the corfedt of ofem/o/.r, whith

Corre’;rpand Jo measwroments 6&{nj Yaken.

L £z R & the fotal eneny
L ﬁz- T s the  aomenfum operafo’

] fmf'{mvl

s the KE qwm/or

*The  Homiltoniom operador is equal fo fhe fotal enery

1 . .
A2 — we oflan agume i 1S linea
k,‘\' - £ ¢ \7(1,*) omol hos no Hime-olgptnolomc e
2m

. ,V\ ‘H\{ Mﬂe- I‘ﬂ%l case | we com view 4he &Ar&bﬁnye, C;MW{’Z”'

. . A _ e afar
of o ajawvazlue equnodion : H Y 'EﬁF el

b?%aﬁ“y , $he a'yemvalhe! of om op&ﬂb/r?/‘ one the /Oxfl'é/e
values that might be vefumepl by on  experiment.

PIOlm}ong comiont

"I Hhe i)lbé@éili{y of o pwn‘fcle @((‘Sﬁay n one reyl‘an Ak,

it mugd ncreage eliewhee .

‘This com be modgled ay the Elux of o /mba,éi/rfy cwient .



"f‘;%fv Pav = fv YAy —(Ff\lr*)lyav * A plane wave requares IHE0 o normalie, Gaf  this is
= .Zﬁ:q /\/ - [(\74,,) W (\74”)1/,7 AU becme it a syumes am finfke number of Ipa/?‘lclej_ Hewce

we Jiypx amla,.)e ether wowepackets or ym bownd
pa/#{ol:”?n a po temhod /MZZZ&

- '_'El _ ¥
zmé (thee - (@ Jtav - To solve +he TISE, we Ofpy Qf)'vfo/)ria/-e 6.G:

= 7 . . L Y Lnite and continuous
> 2 fv e, 4)dv 955 T, 4) -olf L e o e
- (onseyvation of (rol;abil'*/j [mp'fﬁf ar , V.T=0 L€ V=6, W=0 aol 91’?23( be oliccontinmos.
o+ ~ * for o plovie owe,  the F{bb&l/(lﬂy cwient 8 T = t,E A
: I com be wwriben Sl/cc{/ch7 in tams of 2':-:'{.“7: » ~
7(c, 0 = RLV*2v) e:q Potendol step — =y,
= " . Enev7y came on foth sk P N

5o ¢v conglant

Unbound podicles K. -k __ 2k -
A AR . = L2 = — volbobilit
-The ﬁve-fw@fev\w fc[\fob(lnyef €7u6\{10n im//ier wonk bdhosian : K +ky - ki vk, 5 C//a o Flux}
“2-52 TV =(E-VY = Y= Aeplilior-ed]) DR LA Ay s
whh |k = + [ 2m(E-V) “E BV for pok,ml.‘a[ ttep, the Waﬁ,.lﬂy £l
e - ~
‘ 1S comple(—dy reclecled (qw\oujh thoe | o nanzens c hanee
Lif E>V, #he plubtn 1 a #wel/mj Wwe wih reaf of Qnol/fﬂj He (Mﬂe h the bowrien)
wownum her and wé(l'oé(me()( o MmNt ,m, - For o bauries of Einde withh it 1 quf()[f’ tof there 4o be

L e E<V, K=ik awol the solubon 13 evamercent, o ith Elr onthe fav ide — cluamhww Jrumndh'nj. There ave
/\'/(\)(/ -[) = Ae")ﬁle—lw* é’ef’k"( /IOIL ﬂ‘}(ﬂc@/ fe&ﬂ).mcgf Wl\é'/) kok-'—ﬂﬂ, [*-erumi " Mc{ f‘fMi’hL(J;"ﬂ.



Robert Andrew Martin

€ OYMI.M .
Mq "y T N Bound fwtic leg
| s
L [—— [
hitee T ?Mol;gm/:'t% - When o peuticle 11 bound, Hhe wlntlon of Schrdinger's
 Twnnellung & what allons  (x prticks Jo escae the ducloas eg uokion Brm o sob olucrefe chates.
oluring " poioacfive oleca;j, The (ke o erge oleevtels For am infnie squae wol of chyth Vo, the
pa/Hﬂt CGm only et in wmol Safes. Ve

onenfially on dhe KE of fhe particle.
&(’ q”? E FM L BG D k- %rr_;) E-Vi= ifz_}i:f

Lono He r?uam‘um number | .cpe(iﬁy,‘ry o state.

L Jhe poticle camnol be stabionary, co Je &

Zew point eneryy  conesponding fo 0=

- The  wowg fumchions ave the eiWcham of the

Hamilloniom : 1A W=EY , with epenvalues [

Ly beause 0f +he conGirement, we have owsagle En, Y,

b the normalied Waw{;mcﬁam ove orthonormol

‘ TV
Finite gyuow woll
- For E>0/ Heve 1§ o conhiauous rowge — _,_,El
of wn bounol o [utions — "V

For (L E20, boumd clades exisd. o
- we LF oo [whign of the form: oy ﬁgxk}?
- This gives nse to 4o clates of soliion: «“
|. Odoh within well K oF(¥2)=-k foom Y,y
2- Cun withn, wtll K, fan(%2) =K 8-G

Ve “Kkx



- These v:um‘ be Mged 3rq1oh[c S )(-»Kio'/ Y= 7&;’ > Qltl(ﬂ _ 9_“/@ . (Q'D V?(q) -0 ﬁ@g;&ﬁm |
L X *Yz = '\%%‘L Ve , coﬁelfor\ou"] Y1 Koot Ao 1 1

b ocicle on the Xy fbv\f L the H@/MHC /)0/vnomiwlf cam be ?WMV”L/@(, with '//E

) (Jlol' e-q Xtwm) Gor the even o‘r\;rewf /200(//'.“6 (wmwlﬁi - _ "t d" -7
:alwl-l‘e?/u ovd  Eipd feorsechions L N I H"l (7) =) e 1" (6 )
L enexyies / p(olﬂ]/‘?l.‘d'% then o(z,ﬁemol on X amd Y. G the onevgy @:j@mx/m&/\@r ae then E,=(n 4'2’) ﬁwl
Chasacihis of He olufors an f kel om e goph: _uuith_auc kel ogarborchion
b the ground o fate 15 even Ynlx) = ——y Ha ( W‘_“’)e"g”z%ﬁ:
L shates ol bernade feluween even ool odd ) [Z"n.'ﬁjul . ‘/:
L3W‘N‘17J q/l'kﬂ“ one bowwd Hale no mokter how smafl O ‘H\ﬁ solutions owe or Hhonormael

Vo = the MiﬂiMlMﬂ‘MW?lj bownd dede U ewen.
The correspercence princigle
Quaduw Mowponic _ Oscillatos “In the imit of forge Gucunt um nom bevs, AM Fend;
'MOWIJ reof potontiads cap be mooblleel lecolly 7«M/t. Jo clagied mechamics .
'C'Mimﬂy , we cam  write meh o palmfia/ a V)= dmweet ‘eq the mfinke Sl well com be mOo@a@t{ aJ

- Ubing the TISE: %Y, [ Y- _@ﬂqu o Yx) = [ e ™M] ((x) & fop-has
23’ gz k* L in momentum sfoce, ths & fuo oblta &
Ly et g J‘A@, €= r%Zu convolud with ginc (/:7 1)
L suh /)0(1): V() = /\[/(C(“/”-nzw) Bos n incredsel, the cines  fenl 7‘00@0[%
PR, /g2 _ i« He 'wal‘cle U athe mvitg @ or -

9 &
 [Fowr owv 0y fom The weu, oS /1[960, we  howe ’)(01@ i
© We com asswme o solnfion of the Loim 7C/7’=H[7)ﬁ -1z



- The {b{az,ha[ ereny &f a diafomic olecufe cam be modgdeod. ar

Qa AMMW”‘( QJCI.//MW with o r@duced mas! /A' ,»i,

- m(rmZ

- The excitafion of o Hate & yovemed é‘, the Gollemann olyst:
ba €5 =TT, fr (rri)he
Ltor Hhe no/m;a;a!ea( ostrrbwtion ;')k P
<E> = Z(h+2’)ﬁh/€-(n! w
?;, e (n+}) ek ovaluote

?eowl@h’n'c e
D LEY =S v +

h

Fob_ )\ & V/amck dstotution

: Tl\e Vl'b(aﬁond {/\eo«f caﬂac ity of N d:hfgmti mo/eculef Vg
qiden by Cvip= M aL:)/g(- - Thy temds fo He clcrcaf

(mit ac Toeo.

Robert Andrew Martin

O{)OIW‘M /4[?()0(0\

A dlomen] w o vechy space om be wiiitten a5 o ket vector

[0> Thy cam fe wal 4 pesont €-9 lurn wddor, moabviy
Comchon ofe.

- For ewory ket veclor thew o a wiguc o vector b

which exists in the dual spae (for medriees, the b 4
.H\e CQU‘M7QALG-+WFQI€ of the kﬁf')

« The \nney ,'odmcl- rebunng o Camplef Nnuwmbey

a)iy= ¢ = <blad®

Lsvecto ave orfhegonal i€ <alb) =0

Lthe norm of a vetor s [<alo0] "

L n om Of'l'l\OﬂUV'MQI{ \/@C{DY S{)O,Ce, (an l‘%n) :Jv\m

Vecloy cam be wittn o linear combinations of fal vectas

’Q} = ? An I‘h\)
5 functions mut be souawe —interﬂé@ o have a
Sevies /C/It’ef@vlfaflm of dhe form Wx) = £ aVuly)
L bass Cumctons dla-f%@( on bouno(a,./y cordifions
Ls for this b be toue for any [0, Hhe pani sof must be
complefe , i-e
b 1o Cindl the oecFiciends, we expbit orthonomality. ¢ 5
Hhe wmH coefCicient 7]\/614 5y A = £V } w>
Lothis s equivalont b I;rf/‘edinj (W2 onfo o boyi vector.



For o entinuows vedor J/)"‘Ce, Y ’IZ d’(k)Z(k,ll“‘k -Any opela}or of the Corm p:’ W<V s o oy
L needed Cor wnbound pa/h'dej Wa}hﬁgw m & ncting pr?j'ec#on opercdor, fro dw"inj He epec/omo( onts ,/%\'7 e
b He or*h%nwla"f] conorHon g the vedor [, Pl

[0 X¥(ki, %) Ky, x)dx = Slky-k)
Ls the c:oowldeneﬁ rdotion - An ape,rmr /T g kols fo kekr. The coﬂeo'/anobfnj
Lo Xlki0 Yol b= £(x~x). oporator in olual spuce  (ie mapping fhe bas) 1y the

l%‘H\lJ l:l Sﬁ’lilFl‘ed (ar (k,(k/‘x);,fz-ﬂ eikl, jivfl‘l’ #e 0\0905(\} of A, /41.

[ourier Troamytorm L olefined by <MM‘/’)‘IMA> = (L(,.l/?fl M";* bPa,m
5 the mafrix elements cam be foumd with He conjusafe
Hangoye.

L for an operation A 1=l e dual 5 £ (A6

Ls o compme odjoinks, (A8)" = 674"

L)ewe/j (ineow o/em}af has o wn jjue o\a{‘/'m't’lf

- Opeioto s map be fween fwo vedors: (9D =/?I V)
b the ouwber fraducf o€ 4w vectors |bY¢al iy aa
oper o4or. " R
Ly operakors ove olitributive : (/] +8 )@ = Alay+8 16
- The commutator of o opersdols glyrribes the olgree o |
V\/Lic‘\ fweo oret'o\toﬂ commute : [A\/él]: /’i.é‘ 'élﬂ?\ W
- fn eperovtor oy be yepresented (n o given fasi: " A se{(I-qagoiM ( Hermition ) operator sadislies //)“L:ﬁ_
- AA . : . JRK :
A1 = TAT|a) = fg |4t | 4 T il The ack of meauving « physical 7uam/h‘y n @M 1§
a T % efresented by o Hormitian operotor.
L> hence +he expecteol values ave real
LA = <YIRIWY = CHIAN)F = {A*

b <Mnli‘}\,“"’l> Is JM,’ O com{)'et( ﬂml)e/, which we
wite o5 Aam. These ase the madyix elements of 4

i project 109 onto bogs §lu - o
> ,Zl\ = ?% Prom ‘Mn><ulm| Zope«fhdon te pojection, the,, L vaqﬂe & Heymahw? .
(ewmshmi#:‘ s eoyy to show ;0\ s Hermition ypith l8l0 So p"zl,g
L> for syuaewlopuble funchons, Aum = J Yn"l ¥ ol

also Hevmhow amd real Wy =2 A s Hermifian.



Robert Andrew Martin
‘ For o com‘oosi{e oPe/oAW A 6 to be rlermitian A omd ' El‘ywvedau with the ame e 7mvalue corr?_dpord to
g must be Hemn'HM owdl commude. O‘Z?&HWW(’C shakes. Any linear combinadon D/:DQiWa/e

L if H‘e& do not commute, we cam we He anf-commubate,  (lates U also an elpenshte.

fo construct om ope/afar that commutes

fr - The e«‘)ecl-ea( vodve of am o(Wof on am e;"gem/'%e i}
L SAB3 = Ai+6a Just e epenvalue.
S C=$ A8 5 then Hemitom i 7 and e oge. . Once am obowable &« measwed, +he wavefunchion
‘ The COme{-wl'or u nof e ohevvwf?lc, buf cam < rode

c&““f-‘ee( (MAOMIV‘ to one o€ the u;mmwbm of
the  obuervaple. Hene o Secod meaguement— 15 crfun.

. For o 39‘,‘5,“1 afe W) the epecled value of A4

$0 by m«ﬁiplyl‘ry with .
Eiondotes Chponvahe

eiseavechs CAS="CYIAIYS = 5 MBI < by complefones
‘The efgenvector relodiomihip is Al =lay “pensfate = 2 Cn Qe <A < eigoneddor
' Elliee.\ec-b(J form ¢ qmp/efe orH\oyonal basis gef. 1€ we =D KA> =S qﬂlcnll & bouier tridk
represent an gpevofor n the eigenbasty, (F 5 in s Lo agrees with the .rfecl‘wl cale where |Y> y an ef}MWC
o()o\yonq,( fom: A= V\ZA A | Q) @A L ye ‘Wo(wat{@ Oécol(QfJffy o o cortoan &}mﬁlné/(bn
¥ Hevmrtiom apmulom hone real e:}wvwlva.

Japcno(( on /—/xq/{'@:}‘&némd/m}‘ coetlieceat 4.,
L cons ider ﬁava_\ef envec tors ‘f‘lw‘)/ [an). fhe %PM“‘@,L
Caml A0, = {anlatlamh ™ Ls +hy eaty eclodds fo confinuons besis sols.
D o Amlan) zam damlan) . (An-ad) Amland =0 The slode vector |V (H)> ovolves in hime s
b n=rM we mwt have  a,=a," o.cco(o‘a‘vg fo &hvﬁo(jvya:f e7qu.‘m. A ) e
reyndwent collagies |V o the
0~7m|hle of He operdor with probablity
)C\(G) '¢n3|2. (€ o olifterent measuvemon
0 maoQ, L2 will colloge fo one of Hhod opevatord &}cygdl’«/d.

L oH\e/lwl'ge’ <am,‘lf\> =0 , §@ q';erdm wﬂe.;omt,}y
b 0'4.!4"‘(,-} @t‘?eyl vadues ave or'}l\ai eng/f

“l cam be shown thaf the e{?eﬂvecbr.( fom o com/lde
.S‘@‘l, B4 IV): ? Caladn)




Compakibility of ebseryahles
I hwo ohawvokles commute, Hey are caquli()lel j-e they
con poth pe meansnved fo putect precision .
L et 4 / EA be two camwxmlig QI)WOIJ
L> agwwe A has distinck eigenvolues
L> A8y = B4 (0n> = Qa Blan
A(Bloy) =an(Fland) = & lan) & an eqpemitate.
L but cine B[O hay e cwe exemabe o fon
we must have B 1an) < [on) = baland
L hence |aa) 1§ am a’yemh»/(’ of both /' and é/
S0 eagh gives o fré’c."le paeaguement (Gaudley of He
orobr.
 Both the energy and poventun of o phue wave o
coun be meagumal precisely cince ek an elgonfunction

of both 5 amd A, amd [A,fF]=0.

Cene/alised uncertos
Aﬂy f(\tompqlfue ,{Jau‘r of ob,seivqﬂe_; Wl hoe anm wuce/wtw}n/y

relodion . .
- Peine  Aj = A-<AY D (AR = AT

owdl likewise (68)F = { BE). )
for o\?enuu,(gﬁ;,fe ‘r\f'),comfdw l¢):(/&+i7[(ﬁ) W)

Ly the norm of +his vecfor muit be gosikive

Robert Andrew Martin

CO10Y = <¥(Aa-i 180 (A +irb) ¥
- B o0 AGLALED> 20
L ifﬁd,f?}] is hermian 5o <5[:‘i\d,l?d]> 18 read-
l—) [ﬂ\d,a;] = [/}\,éj 177 eﬁpamoUnj
L>we cam find the Hghtert bouma by ma}u‘muil}lj wtt
OB nin mut shll be 30
frue for amy

= | Q4sB >[4 a[/?,é])} & obtubles

* The minimuwm melaq'nly stade  Cor amy fwo operodog

s when  LQ1g>=0, ¢ (Ay+18) W =0
be.g bor % and P
(Za FiAp) YD =0
S [(x- ) +iA(-k 3 ~¢)] ¥(2) =0
~ 2V =[xz L icp
> S 26 ?]%‘)
(L Jbl\/i@ ths  oufterentiad e?MQﬁM j)'vu the min ‘Ml?///"h}‘)b
ke, i s cose the  Gamssiam WW@PNM/
/\.(/(_x) _ e-(x-cxﬂ?/zm e;px/h
L Ax and pp o be calanlated Erom fe stomdard
q‘;(&ssions SO by  amd f,l:’]{’*?gx"f olx



Laololor o peraton
‘The Q0 § 1= 5',,,‘?1 + V"'ﬁ;:?z. Introdvce tHhe oferador

o owd il plemition cov:jqufe of:

I A . A
N
5t com be Shown thot L&, a1] =
LS 4he Hownildonion com be exfresed n fems of .

A= hw(d' +])= holds-1)

Consiclr om eigenstake (9 of [ such that Hi6y =e1p>
L we cam ten show tHhat:
Halp> =(E-tu) &1
A afle> = (£ +4)atl 6>
L qt is  the creation (m'oiry) o,fem‘or became 1}
increetes the Meryy of the systom by o quown b,
Sa 15 the amihlafiyn [ Jowering) opernbor.
‘They beth onttute [adder operotors :
BH PN = 1 Bny> aley=100.>
- qta s om obigrvedle callest The number opa/on NV
L ﬁ = 'kw(ﬁ"’;’,)
Ls it meayures the number of 7u¢w‘m excitationy (e-y photon)
L e the number of U‘M'\‘i“e Fimes a p/w/-dﬂ coam be
emovel then ref luced-

A - [rw y
A = 2,\iql—l

-We com e;(p“clHy \[fnal the fom of the

+ For the mumber shodes of the QO : (Dxdp= (n +i‘)‘h

Robert Andrew Martin

“The growd stake 15 Such dhat G100 =(0), ie the

lwm‘nj $qunce mut tominede with E = hey,

L fhe agocioded s e nhe + ¥

' [(pn) 15 am u‘yw""'fe of both g MW( IO/ with &;&Md

E amd n-= E/ﬁw -E‘ fm[&ﬁ\e@. Thas one 7m/~,{7
dodomines the others with zevo uncertouinty.
A Bl with 6= (n+d)

- We cam normglise o Lolows

a8 = anlbnd > <& [8%10) = (e |-

Lo € | P> s normalisek, ¢, -n

&I¢n>: ﬁl@l-l)
o likewise ot [ §,) = Afort B>

Lo yen%J Stode s thuws given as

@

‘ T'\e oh'tc@w" N ber HO!!BI form om or"‘"oyonou{ oew//PH

fd‘, So Wb'.h‘”’y Jf"JfJ o be refr. as od LC.
gownd ot ;
al¢o>=o 2 [@s‘ﬁlmw(’] bo&) =0
> =) e ™2 f i oty
(bo (X) IT _:) e pwy nce foy j

bl‘ij“e’ oler clofes Cam be ?enea{-%‘ recuxively
30'vfr‘\g 'H\Q H@VMI"IQ ’;olyMOMI'a& : 62{0(?.




he density o

'T‘le O‘OMW OPWW aUm/J w o deweribe o clagicad engmile
0C quamtum gates.

The &p&k}{m of am opwou‘w con be written a5 o froce:

Ve T/#?-’* T/é?/l

Ay = Tearysew)

Ly i€ f’]\ i H@vml‘l';M, (FT> 1 fead s </1) =TrD"-f)('H/‘?]
“In om ensomble , each member may st in one of M (fafey
eoch with ﬂVbMith P. The clagaiead expeda}ian s

™M M
(A) = 2 BRI = 2 o[ IVoenIA]
= Tr[g /)"IVO(’W;)/Z}\]
" Ths o‘aFi;\MeJ the donsity operofer
O=2 AU = W =T[04]

l—) 6 5 Hevmitow so is am observable

() io/aAMpawl-eﬂf' when m\hj one clagical Shfe iy presest
e 0"=0 for &= YD

L 7[0]=1 & o rormalisation condition.

+ Quombun stotes mush fe acloled go/telewPly, i-e incluoling

He phase. 1V0= 1% r T3,

Y,
puwe stufe
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- Howewe!, for o clagsical mived shale, thee i no phage
J’OVMI ‘W) (Wl = p{ l"&)(%‘ ¥ ﬂz"u’a)(wb‘ .

b Funchons of Qm@a
(B =LY IR YD = TCHAW] e #ijuba numbs - The Eunchion of an o

or (s ogbned fo be the power-sevies
of the Gwchon, with the vawiable epheat by fhe qintor:

~ A

e'x = I - )?4»’?_:"%34'...
- € the oferosfor /Y expresied in oh‘uyonal form,  powes
ake just celoteo 4o scalos povers of the a}wvalucj
X = Zxildc®i] = ("= 2 x|

> F(?) = '§ F(X«)w ) e'};.f.feffa
Li.e F(?) has Hhe qame e,‘ﬁomledﬁﬂ but e:}enuWJ FGLi)

which 13 eburous since the dyf’m‘/%ed ave measued Wlﬂc’i./
Bt ml,,m qulfe! fo am a/h‘*rw\y sfate 19> os long
o we oue in fhe e‘};enlzaw
- Ih o clagieal nomic rytem, onery shates are ol
with pd( l?e'é"/kr whee 2 normalises.

L He o@mﬁy @Pe"”"" s then
6 - i', fe'ﬁ\/Krl'\{/n>L’\}/"| = gle Z: TI[e‘ﬁ/kj
b e G o QHO, F (0 =EI0) £ = (nt])bw 10>

A
-n/kT
/



© The oﬁpem‘w( enegy Cor o thermal cafe: € ° ceﬁxu”@i::/éle ' l‘Me- O(QPOI\K‘J@W" QM
21 - J 55 o En/kT 16..)¢
TFE@HJ -Z-Tr[ng%e l@m)(@-' EM dim} d)'n/] ‘Time is o (bufomel-u m QM - e never :'n/’eyru‘/e to

-1 T, % E e Ern/hk l’] €ind the /fbbabmg Hhad an evon! ocawed o gome {ime I’)ew'm(.
z =) - A 7%&!&:‘ 5“0.1'?/ com  be wr"#en oJ the I ofF elyem'/'&/ﬂ
b the normalisadion can be explicigly calcudobed using of H: Y0 =2 b)), Gne e e«';envw[”’-f

_'z, 56-(111"—:{)%//(7-:‘ :> 5'( - 25‘}“\(2%;1—) :/’f;\' ‘;l‘ comp/a‘z bosis «@‘ amy f/ He ei;eqvec-/om do nof‘ Cl’“"fc
n=o [ me .
with w-’ﬁ . .- . .
-\ =t _' ' J Ve ‘:7'@‘[ a5 orohn - The TL'WTW" &Amelmyff eiw:u‘wn (TVJE) 11
li <C> WLZ' ! -e‘p‘/kr'l £ e //Vt‘r\cql;/(, 'ﬁ g', ”W(“')) = HI"’*’G))
Commubofion_selokions. = K546 0> = S Q@A dD
I easy do shew: L&,p")= (hnp™ = ih55 P n ot n
['01027\] :~.'ﬁn$""=—i'ﬁ§££n ['h d‘(n_if') ‘Cy\a’)Er\];O \/n
* We cam the qeneyaluse to Cunction of the operators o+
A N . A L Hh be solved for Cu(¥ ]
£, PG 2)] = i 9\—-‘:‘;&”‘3 >t OF om ke 2 — (—)/ﬁfo o
,:0 \ Zwuuf fresevve /’VGD = ?Cn(o)e " I¢n>
) 0 == @‘L_P( , % 0/0@/» . .
Lf’ F(P;)C)] b ox Lie time OQ/WU(M& 5 associadedd with o pu/ay/aﬂ'ﬁon
R A of frequemcy componemfs, whase Phase chonges owey fime,
L 3 CA; F(ﬁ)] 50,' f/l”w.ﬁ\/e&! obviow Lf’I'F Heve 1§ On(l/ one Freg compon@n/j V) s a ,c{o./-ina/, &/Mée.
- Useful Grmula: [ﬂb’, J= ALB,c] +[ACIR ‘In the alove formula, we huwe o LC of esgeneectons with

CAIB(’J = 8£/4/C] + [:A,BJC V'/e?)uj[y Htaa( re M-ﬁom 015 ﬂne e:}enva/cej UF ﬁ




“This cam be rewriHen u;inj the olefinfhon of o
Cunchion of on epevotor

YA = ¢ MHE 2 6 (0) |4
- |[ve) = e~ | Yoy

b e cn thw et the current cfate fo am earlies
o foke m.&ltn‘q the Hme ShifF o()e{a}a/:

Ul o)=L = 1) > = Gt ) 1vhY

Ly l:{ 5 weitory , @ k5 odjeint equab ity laverse.
L A preddves  innes froolucl:s andl Hhevefore rormalisadions.

L(,HA]=0 & exonstotes of O ore ey ehomfoles

Ehentost Heorm
- It Oleej v\o{» mal<€ sense {o coruiolu the rlee o@riua/i/e of
om obsevvable |, on(y thot of ik e_g/)ec{qj.,'on.

MAD - d ey A 1vy = <R A
— F & YAy = <a’+mw>+<wu4wgfff<%/_f_)
=R CAMAN + 5 CYIRIAY « (3
= 3 <viae-aR> + (%)
~ @ . 7 ol
> K =R (%
Lin He .Q:hv‘bbanye/ apioach Jo @M , oksevvable; are Me-:}v@.
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L e i)‘ commudes with Fl\, R 1y invawiomt
b n qg}a}r{onwj stte, (R Y 1§ invowiant for any ;)\,

. H@WMM’ Ekreﬂle.ﬂ} ‘H\eorm l; not wseful v acv‘u«a%

colewlabing +he coefficionts.
(WY = Z¢(0)e™ & HF [

D U= E6i0) et
. {(Ent (Qur 1A 1
-~(A>=§§CW~*Q€(€ E){—/;Amnz >

‘Consider o ()Q/H(‘.’B moving in o potentiod :

AL LG | A= £ 400
L [§ 2] =-2%F , [0(2), %] =0

) %_g>; éﬁw\) P J:;e clam'm{é

L (‘/l 2 . - ) (2 - - O(V(“f)
P LA = 0000 - - ¢ A0

o“ﬁ) _ “ ie VO § a coneounce
oM <F(x)> € AM ~
L {FE)) = L) eonly when the @M uncedaunties

anve Small ompoved_ fo +he sale of +he syikem




llM«ng Mce«@‘n#,

* The tioe -enerpy wacevtoindy /n‘ncv‘ple 6 Guadamontally of
itferent chovecter {6 x—p uncerlmh(y.

. From the jww:geal wer‘/w'm‘y priﬂcl'/le,
. A ;l -~ g{t/(ﬂm
KEar > L[LitAADI = & ,oum/ Ehrowtess

. AF
e () >
L +hy 7MMf7{y/gm be n'ﬂ"e"Meo( as the HF fe?w‘rerl
bor the ez‘oecM‘on volue fo C[’lﬂwye by am amount-
equal to the uncerfounty @AgAJ-;%

L Ot s not ag (M\C"’("";ﬂ";t
' for smalk AE, b tokes the pavhil o lony Fime to
Siyhﬁcwﬂtj cttcwyc, the vodue ol: am  obseviyable -
CFor o skadionawy slote, ot s0 AD 5 conshomt .

Heienbeg's_agpoach
‘Thus fov we hawe ased fie Schevdinger agproiky, in whih
J"er\fe veckrs evolve éw" ebaewwéb (omd a;aw "QIEJ) oon't.
% The H&'senbe‘/];\ q{)/,mack lreats O/evw‘m os  Hme-olpencient
W) =~V (o))

> MDD = CYWOIR 1uhy = <%)Ie'aﬂ‘*ﬂae"'ﬁ KET
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. Hene fhe &PCO"&A‘;O?\ on be writhen 1in fend of He
time clepenchnt spersfor AN :

< AG) V= LV(0) | /J(Vl | qw,b A‘H(” - eib?eﬂ,— /I\ 6»?%

. The Henenbery cquakion js the equivadent of the Tpse :
. ;UfH, A A
Ih 2% 2 [A" A]




QM n 30

“For & wanttamcfion in 30, we hove Ar)= IV, L‘//Zd}r
'O,o@fafoq become ector op&fa/or.‘r, e9 ﬁ;-nh V,
o dywvaﬁm
* Pogition amd momentwn in orthags nal dsrect ions _communte. oud
com thuy e measumed grecisely. [ 7 ﬂk] 17
© Nuwmereal mefhods are oﬂen wied fo wle He Sehrsdinger
qwﬁm n S/‘\M&L(aorvtf/wolq

Ochital qmp@g W'Lum —\

I/_\,, =V£z ~2fy S‘fteo,,zwﬁ
L=rxps| 2 0, 23828 ey
A aa C
Px ‘77 ‘92 L; = I’fy Vﬂc Pte.

*The 30 an gulow  promentin o/e/a/or s obervable, i¢ L L1
: [Lx L.,] Ly (amd cyclic pcmas), so only one component
of E cam be meagureod /recue@ (ﬁpk% 2).
- The totod amgulor Mmenhm is =L *Ly -*Lz
L? [—L L ] , S0 meu.sunly M] wmponenl- 1§
e‘lWVw{en“' fo rvemw:nﬁ L
Lie °"lj L awd ope of Lx Ly, Ly com be f/ecueé kenan.
 The  Indoby opfafof.! for L w/e
. = Lyt Ly

. = [J—lLy

H
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L> i'ksﬂ o cleou/ly nef olvervable
L wiefyl commt«h}wﬂ fda,hvn

- A
(4, 0)s kL, >LLL¢~ L0, +HL
L)CWU'JN ownm &7%6"’“‘? I¢q of La. with &'99'“’”"4&
<h whewe « 1w a real number. [f e a{lplg

he ladsly Hen /MOy Wre E;'-
':-\z I:\,l(&o = (x+1)t EFI%)
U U1g> = (x-1)4 E.l@)

‘-)hewce Lz s Gu'nJa chamycd in waits of #, ool
IWE’,QJMMW-I'_[ of Lz oe 7«&1\4,‘&0{

‘ Howu\o/ L+ cioex not chmye the maynn‘w(e of fhe

Jotaf amgulow pmomon fun, ;

L>W°‘> Y Wmumwe of L Shhce L cumol Lé
Commute. D Lt ‘7&/ AV /2

b (L% 0)=0 = 2L IB>=-pWL 6>,
the efyenvme 5 unchaped oven aftes aowf'nj L:

(S but we mut hae < L2 <L) 5 xe .

L hence, mlike 37 omd &, M?MI(W momentup, (o0l0s
howe o mox awd min.

L hence o com tuke integer values Céem of s ymdvy)
indlaed by 1 = L, L-1,02,. =AU, -C

b there owe 2L+ eiyemvabe.r, mclvwfnnj L=0.



c

‘The vodue of L Jape/no(s on oL w hich obpemabm

He qymvm At of the tolal momem‘u-o o/m/or

b> the explidt  relobion s olaviweel fy wiobwhj fhe.
l"iy‘\qsl- eA‘Qwu(Me, Such that [0, LR,

L bt L,,l@,,) =0 o ferminade tHhe seguence

L consider (AL = L1005 L5 amol opeste on
the highest egenttbe. = O = /6%~ (5% - (7

= /= U+

L L s olld He orbitad cmt"wlow momen fum :iww/?/m
nvmbes oul elotes b fhe lobod 12

L m € (L0, U s the az.m,HJ/ma/mef/( wywﬁ,/
Mov\dw‘-ww 7MM{'MAM nwmbe andl /dﬂl’ej bo o
meswement of La.

L Suammovy : L YL,my = UKL m
I:; ’LIML> = m(,t‘ I L,MQ
Nomal Godion congomts com be faud ; t

L LI, my= Clt,m-1 —~ wsing Le=L-
)'C/ L, M-t m 1) = <LML/L4LIZML>
=d{,m, |L° **Lz'Lz 1D
AGUmY = i -radm D) (G 1) S
Ly fhe normoalssotion ZoeJ to zevo for L+ when 7=t

necesrmy fo fevminafe fe Seg vouce.
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- Berane m(,ula,f momretiim s 7uanlmao( so & the oy el
olapole  momenf For a clagical elecfon erbit: Cbﬂ’j A2
S U =2A = s, TR = -2,%; L, E:

Ly but (L.z) Mh =D ,u;—-ey:’e
b M = =2 i the Bhn maynelon menj that

M =-Me M g0 M clumhswl

bitod am eigenbuncbions
- The M?MIM monwemtm @[)en’mtof n 5/)‘@/&&[ Cof’/ﬁl’.ﬂokj
is €oumg| 6 ;u,émlwhr‘li p =-ihV nto Lx* “Yfs - 2fy efc

‘The laddey @WU are then: [, -te??(22, +icto 2 )
gquM,je, od,( .H\Q amiu(ow MOMWM opw‘oﬁ Oé/&ﬂ/ &a’@é,

con and @ the e.t;enfwz-u‘wu must be om u,lw |/L,m,(l9 &)

LzY m+EY = —\ﬁéadY mL;,Y
> Vo (6, 0)= fm(6) e™P

L fhee the wowefumchon (s rm;/e-«/al«ea(
YL/W'({Q ¢+2rr) ‘((m[Q ¢) D e'zﬂm‘-l

Laﬂus exploans why Wi ush be infegers.

L oCI'mj on the hoﬂeﬂ er J/nfe () mugh give zevo

LIl =0 > ;:e"’[ag HwW) Yuls, @) =0
P “‘"‘ﬁ Mo (89) = Fuls)e Y (8,9 = Cring) e




) L- /04/61'& the 3‘\76”54‘“‘( © we com find VL,M,-, [9,)5)
CLIML \("I m - (9/ ¢) =F e-@(’g& +‘.(0’682¢) Yl,”l‘ (9} )
L swh Yim-1(8 P Fima(6)e TN
L Hese e"?M'ﬁMMCI'I'@nJ com then fe nermolyed over olf
amstes = 2L (Yo (6, 9)|° sicpedonldt |
- The orffonormal &rgenlymctions Fhat catiséy the MQ/IMW
ewe  Spherical hasmwonics g e bl & G =o.

€5 Y’—/il X an%g e«t.. ) ¢ lowerin
Yo, 10 o sindes@et? £ Y "y

Ya,0 o€ 3ca? - L) opuesor
‘? ‘HWJ howe weeful u,mm&hl'&(, €9
YL,—M¢(6,¢): (_')m ' (5,¢) = \(c,m, [G, T-p)

(bt peciec openolonce Mebons by syibam). 0/'
21

Diodomic melec

“hor o rigfo( diafomic molecwle, F=1Tu/? = 2%2

“Hence the eneys a'qenvM owe ;

- The heat cagacity of o fuambum system 13 ?%1?. Theve
s thus o votahonal contribubion fo the heat- az/achly

*The eueny lewls clopenl on angular momenkn egonedues
£, - L) Y wih egonermcy 2L+ |
© (k20 o6 T0 oad Cobr>R as T e

. H nlMe = E"" ’\H‘;L/ML .
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Orbits with @MH@(J
" The Howmiltoniam in sphevical coovdlitaley com be writtn
tevmy of C?:
F--212009) v L1y g
2m (2 9rL7 of 2mrt

5 the %MC#W‘! have fhe come Q»yvla/ Jep@ndame ag
betore , but there |5 now raokiad b awiowr -
Y, tm (1,8, ¢) = Ra, () Vom, (0, #)
L He radinl ein fomclios Ra,((r) Oopond on 1, the
principd ?uwﬂﬁm n wam ber,
L doder with the same 0, gut ditvonl M, owe encgy -
ole gomerole .
Ae epcmfia? , e com olinde
ok Viml0,0) omd subtibute UnL(r) =rpn,L[/).
'-tz 9_%" *’[—“—uﬁz+ \/(r)](/,.,; S Gy Uny i
27 ov? 2me?
Loths U the 17 TISE, exep? the effechie potetid

. ™
I now V(f) + -%—?,

- for o kyc(doyen-l{ke oo fhere S a conprod po/en/'hl

V()= = 25 Substihuking inko the Chontuachion equshion:

& with Suhodl
92%" Lgr’g) ’é”@ Uny =0 sk ) 37



L>in the Imit of lovge Un,Lo<€-kr

L Gor small r, Uy o< 7

L heae e guess o ewlwhon  Un, o< 60 rHe™,
Which glves the asseciateol Layuewe e?uofr‘on
28 Al (+1-x) 99'(:/ r (A-2kllH)) 6 =0

Ir?
* This an be solvegl with o flowes ,fe.«.‘e;ﬂ Glr) = %-CQ rt
_ s 2K Gl +) -
= Ciﬂ - ((l GH; [ cz.,,léu,/)]
Lsin order fo (revent ex‘oonw/-faj behaiour, we
muck terminoke the cepied of  some 9=p.
L 2K Q+HH) A =0 D> Ahx s an inkaey
L it bwns ot that A =0 s the friociped guont yum
nuwmbey

l;/):n-((,ﬂ') amol p>0,(>0 = Len-) ol N )
n=Cl)

= Qn,c c(g sz?rle—kr
- The emergy lesels owe given b%:

_ 2m Zel :

-2 A
= %2 xugo K*= —';'_L_L ) 47:’—""2-
= g, =22 U _ATERY e
" 2m %> nY, el Sohr o,
of
Laae/gy on(g o(afa,.oh on n,naot L. #or M olve o

n~

¢
Ly +he deytmmy of stedke N s 2%@“') =2n? 7

The Sfer-berhdh Expenment showed thof
He mnyneﬁc oipole moment (loted fo L3)
1S ?wﬂset)(:
L non-wiiform Geld ¢ (luﬁc‘e kel foice
o(ef;emh'nj on djok momgat 2 (2)- Me 9%%2)
Ly hene position on sareen iy rdafed fo Le
O He screen ghowed o oliscrote olisfri bufion.

- However | podier fhan £eeigj an ol pumber of fecums

corfesponcling b the 2L+) poible vedues of M, some
experiments ¢ howed 1 ewen ramge
0 this implies (s holf-infeges, which oot G olye fo
or bital e pulon moment
Lro we ofiibbe 3} fo :fl‘n' ow  minasic aw/u/dcf
momen fuwm w\feja}el)( fo <patial o Hgn-

‘W ir asumed thef he s])l.n Wofﬂf works the come oy as

He obitad omular momentia, operafor :
s §- Z&g}& ~
= LQI é;]= iﬁf; omnd cychie pedms
Ly % i compodible with S;; u‘]a\valae.l o s(ctl) b ad
Matl f“fe"?li"ely,wifl* 25 +1 ‘Jomue values of rs .
M= -5 =S+, ...5-1,5



- The oeclon s o S(Jm -hod€ faA.cIe 0 om hove JSpin qa;a/a/
momenfum t% for the spin wp/o(awn states.
L> the fotal sfl" ampwlas momertuw )$ M)t "/-ﬁ
bt i convqnhan o wile Hhe eqgens fafec ac:
gal’b =+Z(1> ' S (UD>=-2|d>
b ay !f’m stade i 4 supeqasifion : | A > = & [[DXTAE

Tolod _omular_momgnfum

- The oudicommutator of Hwod opereddts | 5'4 b’; AE 34

b for electons, § S, 58 &4

Ly this allow us £ olorive H\e commw“'x/tb'l o afions
ej?envakei

- We olLFme_ gpln ‘ao‘f’@/ Opaaj‘off S“- & * 'f

So [5,m> = K felor) - m(m:rls)ﬂlf Mzl
|o>@_:/>’ﬁw>ﬂm>
S- S.
b nsing S = z?t G 115= Ny, SI\D--”‘)

L cimiloely, S0 = 121>, S, u>-~"'m>

Lths com be udeol to FmAeA w#o\/e.r of (.x anel f

. l?ecow:c P [{ am a?w‘r‘% of gg (omal 5) there s
no umcer%uﬂfy N & meawerea .,

. But S-.w, awd § ase Incompolible wip .(
So knowing  thet we o ghin afﬁ(owﬂ does m/ 9olve ity
ahout X-Yy components

a-(x-'é S;, s 12‘,
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A A

‘The tofad omgulor womertwn Ty given by ng + £
+Spin & ot describel by the hmespuce wowe tuackion of
a Poflhc'e —it 15 a reswft of additienal cle;'@ﬁ‘ o€ (rewlom
in the [irac Mon (relotivghe) .
L |¥> -1[,+>1$>
L 5, only acks on the [ portion whik L only
acks on |2, 1D
* Since compoqamﬁ of L\ commbe with comporgals of S we
t\Me [ I J:y] 'k J'e amdl cycéc IlemefDJfﬂnJ
D) Tz, Mo\ -jl e Cor"‘b.l-‘le with a?muwej m, "
ond Ldu)t rcs‘zedwelj
'-ayw {nlw: one of ZJH values -

-gy vee{er qo(o(AMn, Jemox = L1, M-H -5 |

b H\e (Qf&lble JS ove um‘e;e/ J"e/.l befween Jmm %D(Jmaa
L for each valne of | e hae 2/4| vaduss of m.

Lfer a me-ka‘f System fhee ode only tw gausible vaﬁex
202L+1) totol chates.

0€ J', o

“In gemesol, o /Wch[a/ orbital date con be wriften as:

’l{/j

JaN) = Gmy, s, Mg CL/M‘/!’M!,YL/’"L (ﬁl¢)>)S/MG>

b all the slafes ave orthogonal Cwetul )
b Cy, M5 m; OWe e Clebsch- bordon cop fhrerents




- Pr€erant clader ma le genemfeol by w@

He fofod

0"3"‘“’ VMWRCII*'IM'\ Iqola(u 7+ -L+ + §+

.—01

L cam e vilualved on a (affice - |
b for a given j , ctavhng it 4
Al AN J
HWH ~H|e ’ll?‘IeJ# el?&lf"&/e S..' "\\\\41\0 %
we ctn 98"ofu/? all o Her \Lé——,\‘.———-)f "
Sofes with J’_ L- | %% E
m; = —3/2 ~1/2
ﬁ;“, ;) = K [5Ca) = (w; £0) fl)

V%

vmy = 3/2

m;=1/2

L 1o Ligd the coellcients in fhe /nlylteﬁ eliwf’%/e tor

o lower |, we camnof wge J. . rowever, &rflw/oﬂa(é,y

may be wed fo wrile if down.

Twogadicle _sydems

‘h o He Wf‘"” theve owe two eltd—mm, Wlll'c‘ O eath 6@

:fu\ WJ or ; n o(awn

- \We cl\mcleme te shbes in tms of fe bl gpin S, ond

the blal 2z componenl V12 e 'XSa,Me)

-For a ot of dedlanf the ky‘leh‘.n‘q/t IS lxn Y S ”\> “>
b OH«:( shtes cam l;e tound with pddess S g.- +§z— :

S 1K m) - ;ﬁsﬂ.) el sy
= (6. +5) | Xspma)

) |Xl,c>, ,X!,o>/ ,X\,-|> ave H-e ‘T’pb{' stafes

Robert Andrew Martin

[X,0= 1), l?>1 Moz R (10D AT 1= [0 |8,

<=/

Lothe driplet stodes ase symmeic i€ the pockider aue infechangen
b | Xey0? s a&n ammyMMdﬂ( smile/ e

ctorfe:
opd= 4 (NI D~ IDID) ok

Mz =-)

N

- A F;ﬂ'/an i oa :pi'n ~0ne pm/icle, s Hhus bl fo
v port it angular momentun fo aw electon fo ehavge
'+ Gom Cpin-up fo gpm -olawa.



Ma}lrix Mechawcs

. He_'_fe,qbe(g“( maknx mechamlc g /ef)(esellés y/qfei by ol wan
wecfoc and opersbois by sgume makricer. [t i aspecidly
effecfive when g}udyl‘ly distrehe cytloms wth fep states.

* For jSvem bas (s ef, He madyix omenfs of o

operafor A ore given by Hus = <Onld 6>

L the OMOM‘" can be (eomvHuc‘/”( trom elamanty u.(l'rlj

IAY

A= 2 Am Db |
D€ fn> wveeiicmlmfef, Amp = P Emn [dmyona/)
0 -lev Stews
- Modrit mechaics 1 swikable Eor Fum -level sutems leg 9 abits).
- Congidey o olouble pofam‘ia/ wel(.
b ey in a dickomic molecule
B fe individuo] wetls would
eacl\’\obg o ea)emalﬂe eiuwﬁﬂnt
Hl /¢1.‘> = Eﬁ /01;7
ﬁz ‘ ¢z_,'>-' EzJ' ( ¢§j> fowest erelgy dates con UO[A[@/
“To find He new eigenvalue equation, we Frm a basis
consisng of S| ¢1i>,l4’z\;7? - L\yl,ﬂ'cb:mﬁon.
b we oppiorimote o an‘y neec&'nj A§I¢';>, l¢a>3>
b6 re(m‘ive@ (s ofated systems H, = ( % gb)

Robert Andrew Martin

‘Howevef, o fNHclt Mmay bumell between basic chakes so the
fotad Hamilfoniown H muwt jiclede Q)w//@ terms:

A=( Zi ;)F\ T= <hlAle>

b diagoralise fo €ird e Gens bades :

/Euz’z Et;\):o > ;\:é_"(f'fgzt (€£)2+4[2)
) /

‘For 4un idenbicad wells: A= £ tlTl

> W= H(10¢16:5)
o -9

Lthe lower aM}de 15 gymme}/fc;
(,oﬂeJ‘mdu fo bandn;y

5 higher epenshibe is  epulsion :

5 1 the fwo wells each haol aw efechan b oc oy Hhe buer
n‘ale, ceducly enenyy by 2(Tl. ThS 18 & cgyalent bord .

-Comdz/ the cose with E,CE, amd assume the

cou.plfnj toctor 5 emall , 1e —Ei—z_'?. = <«
L He evergy levely become

A = E, - (EL‘ED'(Q

/)% E, ¢+ [5-5)‘(2
boygng feel: 1Y) = gt £16) CI
(%), = 7z (416> +109)

L€ both wefls had elecons, energy could be
louecd by moving o F, -2 : jonic bondimy

A /QSI!/'ve

o

El"a@
(.




Mult; ,pom‘ic‘e SgswlemS

- The hydwogon abom i e@edi% a one-parficle syfau Lecause
we_ fead the /ﬁo/an Y daﬁ'onﬁry. :

‘o o e Hwo- Povh‘icle cystom  Jhe
slodo ,klowi,s on both podtionc:

| Vo> = V(Ea, 13, )
L he dustribaion o pogilions U now «
ot 16 (g - 1V d

- For ceporable  stofes, "f(ﬁa,m, =Y. (e \W(ri)

5 Pag=lely o Hhe Wo porlicles bohay indagoncbatly

L infermy of abdioct veetors, (Mo, > = [Yad | W) e the
Condesion prodinct of Vo> amd | Ued ) which & ~ kef
n htg}\a-ol/imuwnq,l foce.

b ”%,5) S nornaMeJ i btk V2D amd | ave.

Q. /‘L"ﬁ #wa-/h/“c‘e g"MC cem e QKPMOQJL in ferms of

/MYI’VM

sef)wmblc bosw VQC'IUI.(,‘ l’%,b) - ; nglm +hege.

L g‘awa 3 o amplobe bl or meagmomends on a, owd
g]%)g U o (amlle!.g bosi) €or mewaronll on 4

L @M postulotes that S land(ba>f i a emplele bass
for meoswemen(s on the Jy.n‘&m.

: HUWWHl o

Robert Andrew Martin

- These pn‘nu"plu cupp?y o N/ Iaou/hcle;, bk the nuwbe

o€ bans clales Grous ex/onew/z‘ﬂlé.

For o sopowable shate | measunmaments do not intorteve . Gngiler

fwo  obarvobles m(a/-ing o oo omd b f&!ﬁed“@e:
00,5 = (W, W 10, 6,1 %1%
= WGl ¥ (al G 1%a) = <o) b

- For o gn'l'omj’e,o(. sfote, measwement on one subsystem

way Chamge e oukome of o veajwoment-on the other .
L om example 11 [Yfa,) = j%(‘%)léz) + 14,5165, for whi,
theve | marimal uncepfoanty about which /wﬁde ¢ whep
L Plo in dabe (4 ot b in [620) = [Kbla))/D[* = 4,
L Lo in dabe (05 ot b in 16,2) = (chicas) [4)%= V2.
pe,mhu il only act on thosr dovomt wavetimctin
o(efw(@wce, ey pPoc-ihVi = - (2, ,fyq/a%q)
L He commubakion dotions & o cingle pardicle owe the
o e Li\w ?x°]=[ wa"%]‘[&,%] 3"\1:
L howert, the Cross dems' commute : [, Pl =0
[, &) -0

L bwt I'\CaJwIBmmkf on o still affect the OM’{COMCQ( 6.

‘The Hamillonion for He syfom s A L’;}J‘z A )
M,

Iy "V[!:u, B,

lg \7 I.nclUWGJ boH\ H\t e{-’eﬂlwl ields Ma( He fm‘&"hc/cbvu
Lbif g oy a Gmction of 597“’“/"00, Fhe poblem qmplies



Inferanctiong
‘The ofad  momenfum o[)@""ﬂlﬂf 13 ﬁ:?g“'fl,
L each compm(m/» of 2 cormufes with oy emfonen t of

te  relative poson I = La-Lh
Lﬂl\mce E c@mmwl-&( wf-ﬂn V(?‘)
L Zj olio commuter with p",ﬁ/ pﬁ v E;waé#}

L> hewe 2 commude; with 1 owd 1 thy ansesved

- The Pa.f#fon of the (oM 8 = Mala + Mg
YV +My

Lot can be shown Hat [B,A]= hato,

L fence ot(a): P o expected.

m M$ M:v’Vl,,‘LWh,

- We Mmay with to expess the Howmidtoion as the mn of o CoiV]

ponrt ond infornal /wa/, i-ein fom of K = (XY, 2)

L)‘”‘U eivej E Ce{‘fe(fpond,{y ‘[0 “e (OM MJ FP C(AIOU‘QM
with the jelofive mohon of o amd b
A Mg A A A b A
gz ME-B . P=TRER
L we om wmpwle Ez/ E} to give e ovevall Hamilton iam
At AL saxmfnj v only
H-= f’m v _5—'; VOV e o o
CoM — Mvmb@‘wm

’ Trauulau‘ u'ana@

Robert Andrew Martin

* The wowelumction am e tramformed to the new coordinate

tom : (Rom +A) Y& ) = EYR,C)
L i€ |/ is only o Fuchin of seprodion, the equatin sepoafes
—‘27;« V;a v (,&\ = Ecom U(é\ — free paviicle
(- B Vi +V0) wlr) = B wle) — Shenical hamonic e,
Ly Hhe overall aomefumction 15 expli( £ R/4)) Va,tym ()
1tack o o .n‘nyle ompatite  Gee pashtlc.
“Vibrodion of i ore padh}leop mags A 15 mwfaj m o ceutred V(F)

‘Rofodjon some of a q‘,;}/ (olor o Gired olifomnce Gan Origln,

-The momy-particle Schrzdinger equation s P %o = £ Y
“The N-posticle Hamilfonisa mugt be invaniond fo swafPing
/&L(m‘ic,gul Poqticles. This leads exchange olegenerncjes.
L Hy = AL, o ti it po e pis by po)
=AU, 5,6, t o B Py )
Lin Gt sobatical padeef may be ined of hoe which
owe e—rchamie- Symm}ﬂ'c wicht oll ,oas.rfblc obsenadles
Lit is ongnten o wnte VN s¥( §i, g) wheve 5,
encodg s the ohlnam ical variables of prtick .
bidontial poticles thu oy |A(5i,5,) A5, )| 6 all /]
" Clagsicadly, dentical pouficks may stit te olishngwited fiom
one omobher. Y1, 12 o0 @0c




L we could rack hajeddories as they move, and phus Find
Y 0), @2 — W) e @
Lowk in @M this doent work . IF s rotb pestibc

fo sy hich Pall'l'd'.’ hos peen dobecled
L the ches ave e swe: [W(L,0)" =5, 0)

P R

ditcerent fo sing thof A(S:,5;) = A5, 5)

Exchomge symmetii
“Given the indistinguirhabilily of cate, fhee ave fuo possitle
excfmye Symmtrie;. [his hag ()k,.ricw‘ M Can :hj.
[we, o)l =1%e,0) = Y, n) W5, 6)
 From the peu‘)ecﬁde of shote weclols, aa N -ponticle basis sef
is  repreented @ the farfee poduct 1 XD (%D L K wd
L each [%i) s & cet of ?uaﬂfwlm Nnumbery {Orpoa»v/)'c/e
L pasy sed hecampe <ff poscible owlromer ave conte pe,
-Eg for e fwo Puh’cle spn system, o posible boaks &f is:
SIS IDID, N1y, 1158
Lobut olue to i distinguihahlily, he midale fuo should be
F‘“/J (ca[‘@ “OW{C'CQI . We Ju wnj‘flugf' fuwo MJMCI
Hot- dhaw e"d“"’?" Qymm&vlly - rewh 8same as He egensipdes.
1992 KM € 10MD) o= H([fodad- HOIAD)
= |1y = L(121@0) it = £(16> - a5)
Lyso we fowe o new feg it § ‘1>|f>/ (£, la, “‘)“)3.

- Besoni obay Gog -Eunstein .daﬁ!h'cf :

Robert Andrew Martin

D this batis has the some number of defress of freeslam
even Howh we elininated one using bndical pourtic les
= |0 ad |a> corespord  to dwo fuw(anenﬁdé/
feront AMHs of pewtid
D the new Wiy hay moyimum wlcalaiﬂy obout whith pasticle
we G Th which clofe-
- Bosons ave e(dm]efrymmehl'c, ce W, )= Y, |

' Famfﬂﬂf one ekan?e-MHJyMM"(; ie ’\P(f.,[z)= "'k(fz,fn).

- The symmd‘risuﬂm (;oshlde g thad NV identiood

pou tides ove either  eychamge Wmmw;c or erchange-ambisypmmdne
thare owe no mixed chakes and  bosons/rmions ose
Cudamantally oliftovent objerk

*In the tuo-particle spin gytem (e fle) [T amd LDV
coriespord 4o two bogns 0 e came clale, Buf no anlo'/vme/n'c
wovefunchon pomits two parfices Jo ke in He gume «fate.

+ The puul I Exclwion /)n'ﬂci]/f’ sofes fof no fwo ;o&d'pca/ €mr1ong
cam be i fhe Some sfake (i€ shwe 7wzmﬂ*wr nen bes ).

‘The spin-stedistis theorem relakes parficle sph b erchamge
SymmeHy : HM"VH?@' Spin €D Eemions | infeger .qw;?, &= bosonc.

<N = J&PuT_

: hed
LS yun bownd edl d ‘i(:o.fm hode /71

+ Fomions obey Formi-vac gledishes: { n)) - éé—/'«)/tqf”

L lﬂSS “\Cmﬂ m(('g :



Mutti-parficle_exchame
“In o 7we,m,l 5'15+m of 'w/ﬁc'es’ e gl ven stfafe r
of pouhicle ¢ be onglel by |G,
ol gortickes e idntical, o cufoble pasit is:
[§°) 157> .15%)
L dorins with r=5 |ave an exclosge symmetry, but foms
for which r#s do not:
1§ 16516y 452 F 15D 187515 .. 4§»
L Lot these shoud be :hw&f:}»;mwle, £6 as with The
fwo-portde spin spitem, we mut cymmefride .
To oo thit, we combine oM posiible permulafions fhen
renormalie  the  resulfin 5 \/ec{arl:
AR 7 P I e
- VN
GLhanye q,mnech vector
Ly thi mut be dote @r each o, ..x, ..,z combinakon
+ We o alio form a,.{is]mnelﬂ'c clfes when o .. . .2 cve
oll dféferent . These colregond o artamgements of tEym jops.

I &, z): = \/7\(/7;; 53"(?) |§q>--~l§r>---{5&)

'&‘J”o the Jymmeﬁit QMJ cwiﬁymmefa'c Slafes are necoed
fo G Hhe aew beat-

counfs 7 pe/ma/«z//'om with fc/’fg;‘;iﬂ,&

Robert Andrew Martin
e-q 3 /wh'cla, cad with 3 sefer-
e [5DIEIES with o bc € §1,2,358
. [1,1,1) ) mmet-ric , but 111,25 1n't
Symmebite:  (14,25° = FL11A42> +11,20+12,1,15]
Now [1,1,2)'= 11,2102 121,1)°
- There o mly one anhymnefnc clofe
(123" = v [na-113,0 #2300 .- 13,2,15)

* The ammymn@"rfc states con ofp be ferreg,r(ea( oy the

Lol [ 15 159 - 159
Sld’?f Oue"*m&'ﬂ'. ‘N)q: — 15D 16D --- 1§D
\/IW P i :
152 1™ - 19"
b pecamse ok k= €, ., Qi .. Gni,
b SWWﬁnj co lumns cortespandy o ruofpl}oj lowﬁ&/ef, so
the sign chamges oy m?m?eo’.

MV N Lomions exist o di besont shodex | but ot sutligent(y lov

46m/)em/wef the botons can ol e in the same cfate
L s is called o fese-Einstein andeecate.

L e dale vechr ¢ 1§')--15'5. [ §5





